DYNAMICAL PROPERTIES OF RANDOM WALKS

ALI MESSAOUDI', GLAUCO VALLE?

ABSTRACT. In this paper, we study dynamical properties as hypercyclicity,
supercyclicity, frequent hypercyclicity and chaoticity for transition operators
associated to countable irreductible Markov chains. As particular cases, we
consider simple random walks on Z and Z .

1. INTRODUCTION

Let X be a Banach separable space on C and T : X — X be a linear
operator on X. The study of the linear dynamical system (X,T) became very
active after 1982. Since then related works have built connections between
dynamical systems, ergodic theory and functional analysis. We refer the reader
to the books [2, 7] and to the more recent papers [3, 4, 5, 11, 12], where many
additional references can be found.

The objective of this paper is to study some central properties of linear
dynamical systems as hypercyclicity, supercyclicity, frequent hypercyclicity, and
chaoticity among others, for Markov chain transition operators associated to
countable irreductible Markov chains. In particular, we will consider to nearest-
neighbor simple random walks.

We say that (X, T) is hypercyclic, or topologically transitive, if it has a dense
orbit in X. This notion is equivalent that for all non empty open subsets U and V'
of X, there exists an integer n > 0 such that 7" (U)NV is not empty. If moreover
for every non-empty open set V C X, the set N(z,V) = {k € N, TF(z) € V}
has positive lower density, i.e liminf, ,oc fcard(N(z,V) N [1,n]) > 0, then
we call (X,T) frequently hypercyclic. On the other hand, (X,T) is said to be
supercyclic if there exists x € X such that the projective orbit of = is is dense
in the sphere S = {z € X, ||z|| = 1}, that is the set {\T"(z), n € N,\ € C} is
dense in X. We call (X,T) Devaney chaotic if it is hypercyclic, has a dense set
of periodic points and has a sensitive dependence on the initial conditions.

The study of those four properties is a central problem in area of linear dy-
namical systems (see for instance [2] and [7]). Notice that the above properties
can be studied in the context of more general topological space X called Frechet
spaces (the topology is induced by a sequence of semi-norms).

There are many examples of hypercyclic linear operators (see [2]) as the de-
rivative operator on the Frechet space H(C) of holomorphic maps on C endowed
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with the topology of uniform convergence on compact sets, translation operator
on H(C), classes of weighted shift operators acting on X € {c¢o,?,p > 1}.

However, the set of hypercyclic linear operators is small. In fact it is proved
that this set is nowhere dense in the set of continuous linear operators with
respect to the norm topology (see [2]). An example of non hypercyclic operator
is the shift operator S acting on X € {c¢p,{%,¢ > 1}. This come from the fact
that the norm of S is less or equal to 1. However, the shift operator is supercyclic
and moreover for any A > 1, S is frequently hypercyclic and chaotic (see [2]).

Here we are interested in operators associated to stochastic infinite matrices
acting on a separable Banach space X € {cg,¢,19,¢ > 1}. In particular, we
prove that if A is a transition operator on an irreducible Markov chain with
countable state space acting on ¢, then A is not supercyclic. The result remains
valid if we replace ¢ by ¢g or [, ¢ > 1 in the positive recurrent case. A natural
question is: what happens when the Markov chain is null recurrent or transient
if X € {cp,1%,q > 1}? In order to study the last question, we consider transition
operators W, (resp. W) of nearest-neighbor simple asymmetric random walks
on Z; (resp. on Z) with jump probability p € (0, 1).

For the simple asymmetric random walk on Z* defined in X € {cg,¢,19,q >
1}, we prove that if the random walk is transient (p > 1/2), then W, is su-
percyclic and moreover for all |A| > Tl—p AW, is frequently hypercyclic and

chaotic. If the random walk is null recurrent (p = 1/2) and X = [1, then W), is
not supercyclic.

For the simple asymmetric random walk on Z, we prove that if p # 1/2
(transient case), AW, is not hypercyclic for all |\| > ﬁ.

We also consider transition operators spatially inhomogeneous simple random
walks on Z, that is operators G5 := G associated to a sequence of probabilities
P = (pn)n>0 and defined by Goo =1 —po, Go,1 =po and for alli > 1, G; ; =0
if j & {l — 1,14+ 1}, Gi,i—l =1—p; and Gi,i-i-l = p;.

In particular, we prove the following result: Consider the sequence

1—p)(1=p3)(1—pp
wn:( P1)( p3)--( Pn-1) for n even,

b1p3.--Pn—1

and
1— 1— 1— n— 1_ n—
w, = ( Po)( p2)--( Pn-3)( Pn-1) for n odd.
Pop2..-Pn—3Pn—1

The following results hold:

1. If X = ¢ and limw,, =0 or X =19, ¢ > 1 and 3> w} < 400, then G
is supercyclic on X.

2. Let X € {cp,19, g > 1} and assume that there exists a > 0 such that
Pn 2 % + « for all n > ng, then there exists § > 1 such that AG is frequently
hypercyclic and Devaney chaotic for all |A| > 4.

The last two results can be extended for the spatially inhomogeneous simple
random walks on Z.

As a consequence of our dynamical study of random walks, we deduce that
if the Markov chain is null recurrent, it cannot be supercyclic on I' (see Propo-
sition 4.6) or supercyclic on ¢y (see remark 4.4). We also deduce that, when
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the Markov chain is transient, it can have nice dynamical properties as su-
percyclicity, frequently hypercyclicity and chaoticity on X in {co,?,p > 1}
(see Theorems 4.1 and 4.8). We wonder if it is possible to construct transient
Markov chains on Z or Z that are not supercyclic.

The paper is organized as follows: In section 2, we give some definitions
and classical results. Section 3 describes the study of dynamical properties of
Markov chain operators. In section 4, we consider operators associated to the

simple asymmetric and also the spatially inhomogeneous simple random walks
on Z4 and Z.

2. DEFINITIONS AND CLASSICAL RESULTS

To fix the notation we introduce here the proper definitions of the spaces
mentioned above: Let w = (wy,)n>0 be a sequence of complex numbers. We put

1
oo = supwal < 00, Jwlly = (D hwnl?)*, 1< < o0,
n>0
n>0
and
1° = 1°(Zy) = {w € C% : |Jwl|e < 00},
11— 14(Zy) = {w € C% : |lwl, < oo},
c=c(Zy) ={w € 1> : w is convergent} ,
co =co(Zy) ={w e c: lim w, =0}.
n—oo
Now recall the definitions from the introduction. Other definitions related to
linear dynamics will be needed.

Definition 2.1. Let f : Y — Y be a continuous map acting on some metric
space (Y,d). We say that f is Devaney chaotic if

(1) f is hypercyclic;

(2) f has a dense set of periodic points;

(3) f has a sensitive dependence on initial conditions: there exists § > 0 such
that, for any x in' Y and every neighborhood U of x, one can find y € U and
an integer n > 0 such that d(f"(z), f*(y)) > 9.

Let X be a Banach separable space on C and T': X — X be a linear bounded
operator on X.

Definition 2.2. (see [2]). We say that T satisfies the hypercyclicity (resp.
supercyclicity) criterion if there exists an increasing sequence of nonnegative
integers (ng) k>0, two dense subspaces of X, Dy and Dy and a sequence of maps
Sny, : D2 = X such that
(1) limy T (x) = limy Sp, (y) = 0 (resp. limy [|[T™ ()]|[|Sn, (¥)]| = 0),
Ve € Dy, y € Ds.
(2) limg T o Sy, (z) =z, Vo € Ds.

Theorem 2.3. The following properties are true
(1) If T satisfies the hypercyclicity criterion, then T is hypercyclic.
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(2) T satisfies the hypercyclicity criterion if and only if T is topologically
weakly mizing, i.e T X T 1is topologically mizing.
(3) If T satisfies the supercyclicity criterion, then T is supercyclic.

There is an efficient criterion that guarantees that 7" is Devaney chaotic and
frequently hypercyclic (see [2]).

Theorem 2.4. Assume that there exist a dense set D C X and a map S : D —
D such that

(1) For any x € D, the series >+ T"(x) and Y2 S™(z) are uncondi-
tionally convergent (all subseries of both series are convergent).
(2) For every x € D, T o S(z) =z,

then T s chaotic and frequently hypercyclic.

Concerning the dynamical properties of a linear dynamical system (X,T),
the spectrum of T" plays an important role. We denote by o(X,T), o (X, T),
o,(X,T) and 0.(X, T) respectively the spectrum, point spectrum, residual spec-
trum and continuous spectrum of 7. Recall that A belongs to o(X,T) (resp.
ope(X,T)) if (S — AI) is not bijective (resp. not one to one). If (S — AI) is
one to one and not onto, then A € ¢,(X,T) if (S — AI)(X) is not dense in X,
otherwise, we say that A\ € 0.(X,T). Below we also use the notation X’ and
T’ to indicate respectively the topological dual space and the dual operator
associated to (X, T).

Lemma 2.5. ([2]) Let X be a Banach separable space on C and T : X — X be
a linear bounded operator on X.

(1) If T is hypercyclic then every connected component of the spectrum in-
tersects the unit circle.

(2) If T is hypercyclic, then op (X', T") =0,

(3) If T is supercyclic then there exists a real number R > 0 such every
connected component of the spectrum intersects the circle {z € C, |z| =
R}.

(4) If T is supercyclic, then op (X', T") contains at most one point.

In this paper, we will use only items 2) and 4) of Lemma 2.5. 1) and 3) are
used in [1] for the study of dynamical properties of Markov chains associated
to stochastic adding machines.

Remark 2.1. If T is not supercyclic then AT is not hypercyclic for every fired
M. Howewver, it is possible to have T supercyclic and XT not hypercyclic for all
sufficiently large (but fized) A.
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3. DYNAMICAL PROPERTIES OF MARKOV CHAINS OPERATORS

Let Y = (Y;,)n>1 be a discrete time irreducible Markov chain with countable
state space F and with transition operator A = [A; j; jer (irreducible means
that for each pair ¢, j € E there exists a nonnegative integer n such that
Aﬁj > 0). The Markov chain Y is said to be recurrent if the probability of
visiting any given state is equal to one, otherwise Y is said to be transient. The
Markov chain Y is called positive recurrent if it has an invariant probability
distribution, i.e., there exists u € I' such that uA = u. Every positive recurrent
Markov chain is recurrent. If Y is recurrent but not positive recurrent, it is
called null recurrent.

For the transient and null recurrent cases we have the following well-known
equivalent definitions (see [9]):

(i) A is transient if and only if "1 A}y <ooforalli,jeE.

(ii) A is null recurrent if and only if hmn%oO Ay =0 and S Al =00
for all ¢,5 € F.

Proposition 3.1. Let A be a transition operator on an irreducible Markov
chain with countable state space acting on c, then A is not supercyclic. The
result remains valid if we replace ¢ by cy in the positive recurrent case.

Proof: Consider an enumeration of the state space so that we can consider
E = N and the stochastic matrix A = [A;;]; jen associated with the transition
operator A. Assume that A is is transient or null recurrent, then lim, s AZ ;=
0 for every ¢ and j.

Now fix y € ¢—cy (we do not need to consider the case y € ¢y while considering
density of orbits of y under A or AA because ¢y is a closed invariant subspace).
Suppose that limy, e yn = @ € C — {0}. We have that

lim (A”y)z =a, (3.1)

n—0o0

for every 7 € N. Indeed, since Z+°° A” =1, for every n € N

[(47y) —a}—\ZA — )] < (19l + o) ZA + sup |y; —al.

j>m—+1

The second term in the rightmost side of the previous expression can be made
arbitrarily small by choosing m sufficiently large while the first one goes to zero
as n tends to oo for every choice of m. Hence (3.1) holds.

From (3.1), we have that

n
T ()
n=eo [AMylloo  [|ylloo
and then {(A"y)/||A™y|loc : » > 1} is not dense in the unit sphere of ¢ centered
at 0 which implies that {\A"y : A € C, n > 1} is not a dense subset of c.
Since y is arbitrary, A is not supercyclic on c.
Now, assume that A is positive recurrent, then there exists an invariant
measure u € 1\ {0} such that uA = u, hence uA™ = u for all integer n > 1.

>0,
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Suppose that A is supercyclic. Take y € ¢N S}, where S} = {x € ¢ ||7||oo = 1}
such that projective orbit of y under A is dense in S}, then for all x € S}, there

exists an increasing sequence (ng)r>o such that limy_, ”Aéf% = z. Since
[A™ylloo < [[Ylloc = 1, then
< u, A"y > < >
]<u,x>]:limwzlim%2]<u,y> |.
oo A ylls ko [[A™ e

Where < u,z > is the scalar product between u and z for z in ¢. Since x is
arbitrary in S}, the last inequality implies that u = 0 and this is an absurd.
Hence the projective orbit of y under A could not be dense in S! which means
that A is not supercyclic.

To finish the proof we just point out that in the positive recurrent case, the
same proof holds if we replace ¢ by cy. [

Another result is:
Proposition 3.2. Let ¢ > 1 and A : 19 — 19 be an hypercyclic (supercyclic)
operator on 19, then
(1) If A(co) C co, then A is also hypercyclic (supercyclic) on cg.
(2) If r > q and A(I") C 1", then A is also hypercyclic (supercyclic) on I".

Proof: (1) Suppose that A is hypercyclic on [? and let x € (4 be a hypercyclic
vector, i.e O(x) = l9. Now fix y € ¢p and € > 0. Take m € N such that
SUP;~m |Yi] < €/2. Define y(™ as

(m){yz- ,1<i<m,

Yi "7 0 , otherwise,

for every i € N. Since ™ € 19, there exists n € N such that ||A"z — (™) || <
| A"z — y(™)||, < e/2. Therefore

14"z — ylloo < A" = y™|oo + [y = ylloo < €.

Since € and y are arbitrary, x is a hypercyclic vector in cg.

The proof in the supercyclic case is analogous.

(2) The proof is analogous to item 1) and come from the fact that if 1 < g < r,
then 17 C I". O

Corollary 3.3. Let A : X — X where X € {l4, q > 1} be the transition
operator of a irreducible positive recurrent stochastic Markov chain, then A is
not supercyclic.

Proof: From Proposition 3.1 we have that A acting on c¢g is not supercyclic.
Thus from (1) in Proposition 3.2 we obtain that A acting on X is not supercyclic.
O

Remark 3.1. Since an operator A is supercyclic if and only if cA is super-
cyclic for ¢ # 0, then all the previous results in this section hold for operators
assoctated to countable non-negative irreducible matrices with each line having
the same sum of their entries.
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Question: What happens if A : X — X is a countable infinite non-negative
irreducible matrix where the the sum of entries of lines is not constant?

Is A not supercyclic on ¢?

If A is positive recurrent (see [8] for the definition), Can we prove that A is
not supercyclic in X € {cg, ¢, 1%, ¢ > 1}7

4. SIMPLE RANDOM WALKS

Consider the nearest neighbor simple random walk on Z with partial reflec-
tion at the boundary and jump probability p € (0,1) (when at zero, the walk
stays at zero with probability 1 — p). Denote by W, := W = (W ;)i ;>0 its
transition operator. We have Woo =1—-p, Wo1 =pandforalli > 1, W;; =0
ifj&{i—1,i+1}, Wij—1 =1—p, Wj;y1 =p for all i > 1. We have

1-p p 0 00 0 0 0 0
1—p 0 p 0 0 0 0 0 O
0 1-p 0 p 0 0 0 0 O
Wy = 0 0 1-p 0 p 0 0 0 O

It is known ([9]) that the simple random walk on Z. is positive recurrent if
p < 1/2, null recurrent if p = 1/2 and transient if p > 1/2.

In particular, from Proposition 3.1 and Corollary 3.3, we have that W), acting
on X € {cp, ¢, 17 g > 1} is not supercyclic if p < 1/2.

Theorem 4.1. Let X € {cy,1%, q¢ > 1}. If p > 1/2, then the infinite matriz
W, of the simple random walk on Z 1is supercyclic on X. Moreover A\W), is
frequently hypercyclic and chaotic for all |\ > Tlfl'

Before we prove Theorem 4.1 we need three technical results:

Lemma 4.2. Let X € {cp,19, ¢ > 1}, then op (X, W),) is not empty if and only
if p > 1/2, moreover, in this case 0 € op (X, W)).

Proof: Let A be an element of o, (W) and u = (up)n>0 be an eigenvector
associated to A, then

(1 =p—XNuyg+pur =0, (1 —p)up — Aupy1 + punt2 =0, Yn > 0.
We deduce that there exists a sequence of complex numbers (gy),>0 where

@o=1,q = % and u,, = qnug. Moreover

qn—1 qn—2

A p—l
Where M = |P CHence | | = M1 |9 for all n > 2. Assume
1 0 dn—1 q0

that A2 # 4p(1 — p), then the matrix M have distinct eigenvalues and hence it
is diagonalizable. Therefore, there exist ¢,d € C\ {0} such that g, = ca™ +ds"
for all integer n > 0, where «, 3 are the eigenvalues of M. Since af = det(M) =
%, then if 0 < p < 1/2, we have a8 > 1 . Then either |o| > 1 or |B] > 1,
Hence (¢n)n>0 is not bounded and therefore the point spectrum of W), is empty.
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If p = 1/2, then either (Ja| > 1 or |5 > 1) or a, 8 are conjugated complex
numbers of modulus = 1. In both cases the point spectrum of W), is empty.

If A2 = 4p(1 — p), then the matrix M is not diagonalisable and has a unique
eigenvalue . In this case, there exist e, f € C\ {0} such that ¢, = (e + fn)o"
for all integer n > 0. If p < 1/2, then |0| = ,/1;% > 1, hence g, is not bounded.
We deduce that the point spectrum of W), is empty.

Now assume that 1/2 < p < 1 and A = 0 (M diagonalizable), then o, 8 €
{—4/ 1%’2’, %i}7 therefore «, 8 are complex conjugated numbers of modulus

< 1. Hence 0 € o (X, Wp). If p=1and XA =0, then g = e and ¢, = 0 for all
n > 1. Thus 0 € o (X, Wp). O

Remark 4.1. Consider M as in the proof of Lemma 4.2. 1. Since the eigen-
values of M depend continuously of \, we deduce that for all p > 1/2, there
exists 0 < rp < 1 such that D(0,7,) C ope(X, Wp). In particular, we can prove
that [0,2v/1 —p) C op (X, Wp).

2. If p = 1/2 the eigenvalues of M are A&/ \? — 1, we deduce that if X = 1,
the interval | — 1,1[C ope (1%, W)p).

Lemma 4.3. Let X € {c,l9, ¢ > 1} and v = (v;)i>0 € X. Let a = (an)n>0 €
1Y and © = (x,)n>0 defined by

n
Ty = E OpVn—k, VN € Z.
k=0

Then (xn)n>0 € X, moreover

]l < fllallyf]-

Proof: By putting v, = 0 for all k£ < —1, we can assume that z,, = Z;ﬁf’) AEVn—k
for all n > 0.
Now suppose that X = ¢y. For each i € N

7 00
T, < ay sup || Vn—gk|| + ag V|loo-
= () g st 3 )

k=0 k=i+1

Since (vn)n>0 € co. and (ay)n>0 € I1, we deduce that (z,),>0 € co.
If X =1', we have

+o0 +0o0 00 o oo
Sl < 305 Jagtn i < (zyak1> (Zw) = Jlalllolls.
n=0 k=0 n=0

n=0 k=0
Now, assume that X = (9, 1 < ¢ < oo, we consider its conjugate exponent
1
r (e, 1/¢+1/r = 1). We have |z,|> 22, |ax|"|ag| P~ |v,_1|. Hence By
Holder’s inequality, we obtain

1
[e’e) r o] q
|| < (Zw) (Z\ak\““/”rvn_qu) .

k=0 k=0

5=
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qg—1
As a consequence, Y20 |2,,|? < (ZZO:O |ak|> Fo0 S o lak|[vn k9. Hence

+oo 00 9 +o00
St < (Dm) Sl
n=0 k=0 n=0

O

Proposition 4.4. Let X € {co,19, ¢ > 1} andp > 1/2 then forv = (v;)i>0 € X
there exists u = (u;);>0 € X such that W (u) = v. Moreover, u is explicitly given
by

Ln/2]

Uy = ]19 ( Z (p;l)jUanl + (19;1) Lanon) (4.1)

=0
where |n/2] is the largest integer < n/2.

Proof: Fix v = (v;)i>0 € X and u = (u;);>0 € [*° such that W(u) = v, then

_ Yo p—1 _ Un—1 p—1
Uy = — Up, Up = +
b b p

Then we obtain by induction that for all integer n > 2,

Up—2, VN > 2. (4.2)

Up = l/p (vn—l + YUn—3 + 'szn—S +.. ’kaankfl +.. ,Y\_n/ZJ vt + 7Ln/2j+lpu0)7

where 7 = 1%1, t =01if n is odd and ¢ = 1 otherwise. Thus we have (4.1).
By Lemma 4.3, we deduce that u belongs to X.
Observe that if u € ¢y, then

1< 1
ulloe < 6 maz(||v]lo, [uo]) where § = =3 4" = . (4.3)
p n=0 2p -1
Ifuel?, g>1, then by Lemma 4.3,
“+oo
1 1/q
lullg < 5= ol + ol (3-2) (4.4)
n=1

Remark 4.2. If ug =0, then |jul|; < ﬁHvH (in X ).

Lemma 4.5. Let X € {co,l%, ¢ > 1}, p > 1/2, then D = :Lrg Ker(W™) is
dense in X.

Proof: Fix X in {co,l9, g > 1}. By Proposition 4.2, we have that 0 €
opt(X,W). Then for all integer n > 1, Ker(W"™) is not empty.

Claim: for all integer n > 1, there exists Von,...,Va—1,n € 1%, linearly
independent such that if u = (u;)i>0 € Ker(W"), then u = Z?:_ol Ui Vin.

Indeed, since Wj; = 0 for all & > j + 2, we deduce that for all integer
n=2 W =0 for all integer k > j +n + 1.
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Assume that u = (u;)i>0 € Ker(W™). The relation Zf;ﬁ Wi u = 0 holds
for all j € N. Since W', > 0, we deduce that

n—1
Up = § Ui Cim,n »
=0
n
0,

where ¢; . = —wy forall i =0,...,n — 1. We also obtain by induction that

up = Z?;ol u;Ci g p for all k > n, where ¢; 1, , are real numbers.

For all i € {0,1,...n — 1}, define the infinite vector V;,, = (Vi n(k))r>0 by
putting V; (k) = ¢; k. for all K > n and Vj, (k) = 0; for all 0 < k < n. Then,
we obtain the claim.

Now observe that V;, € X for every integer n and ¢ = 0,...,n. Indeed for
all i = 0,...n, we have W"~1V;,, € kerW that is contained in X. Hence by
Lemma 4.4, we deduce that W™ 2V;,, € X and continuing by the same way,
we obtain that V;, € X.

Now, let z = (2;)i>0 € X, such that z; = 0 for all ¢ > n where n is a large
integer number, then z can be approximated by the vector Z?:_ol 2; Vi n which
belongs to the set D. Hence the D is dense in X. [

Proof of Theorem 4.1: First we prove that W is supercyclic. Recall the
definition of D from the statement of Lemma 4.5. By Proposition 4.4, for every
v € D, we can choose Sv € D such that W(Sv) = v. Using the fact that
Sv € D, we prove by induction that W™ (S"v) = v for all v € D. On the
other hand, since for all u € D, there exists a nonnegative integer N such that
W™(u) = 0 for all n > N, we deduce that lim |W"(u)|| [|S™(v)|| = 0, Yu,v € D.
Hence W satisfies the supercyclicity criterion. Thus W is supercyclic.

Claim: AW is frequently hypercyclic and chaotic for all |\| > Tl—l'
Indeed, let v = (v;)i>0 € X and u = (u;)i>0 € I*° such that W (u) = v, then u
satisfies (4.1). Putting ug = 0, we obtain S(v) = (0,u1,uz...) and W(Sv) = v.
We also have by remark 4.2 that ||Sv|| < 213%1||v\|
On the other hand, since S(v)y = 0, we obtain by (4.2) that

S%(v) = (0,0, (5%v)q, (5%v)3,...).
We deduce that for all integer n > 0

N——

n
S™(w) = (0,...,0,(S™0)n, (S"0)pt1,...) and ||S"(v)] < (2 1_1> vl
M p

Let A be a complex number such that |A| > §, then [[A\7"S™(v)|| converges to 0
exponentially as n goes to +oo.

Taking W’ = AW and S’ = A~1S and D = U/ Ker(W™), we obtain that
the series Y720 W () and 32 S'"(x) are absolutely convergent and hence
unconditionally convergent for all z € D, moreover W’ oS = I on D, then we

are done by Theorem 2.4. [J
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Proposition 4.6. For p = 1/2, the operator W, acting on I is not supercyclic

Proof: Note that W), is symmetric for p = 1/2, then by (2) in remark 4.1 we
have that o ((I'), W) = 0 (1°°,W,) D] — 1,1[. By (4) in Lemma (2.5), we
obtain the result. [J

Question: For p = 1/2, is the operator W), acting on ¢y or I9, ¢ > 1 not
supercyclic?

4.1. Simple Random Walks on Z. Consider the simple random walk on Z
with jump probability p € (0,1), i.e, at each time the random walk jumps one
unit to the right with probability p, otherwise it jumps one unit to the left.
Denote by W, := W its transition operator. For all i,j € Z, We have Wi,j =0
ifj#£i—lorj#i+1 andWm_l:l—p, Wm‘_;,_l =p.

The simple random walk on Z is null recurrent if p = 1/2; otherwise it is
transient.

Proposition 4.7. If p # 1/2, then A\W,, is not hypercyclic on X € {co,1%, q >

1}, for all |\ > ‘177121)'. If p=1/2, then W, is not supercyclic on I'.

Proof: Let X € {cp,19, ¢ > 1} and z = (2;)iez € X, then S(z) = (1 —p)y +pz
where y = (y;)icz and z = (z;);ez satisfy y; = x;,—1 and z; = z;41 for all i.
Hence
1S@) = 1 =p)llyll —pll=l-
Since |ly|| = ||z]| = ||z||, we deduce that ||S(x)| > |1 — 2p|||z||. Hence

|S™ ()|l > |1 — 2p|"||z]|| for all n > 1.

Then AW, is not hypercyclic on X € {co,19, ¢ > 1}, for all |\| > “7712]3'.

Now, assume that p = 1/2. Note that W, is symmetric, then by (2) in remark
4.1 we have that o ((I')',W)) = 0 (1°°,W,). We can prove that | — 1,1[C

opt(1°,W,). By (4) in Lemma (2.5), we obtain W is not supercyclic on 1. O

Remark 4.3. Dynamical properties of simple Random Walks on Z and on Z
are different in case where they are transient.

Question: Is AW, not hypercyclic on X € {cg,19, ¢ > 1} for all [A| > 17
Can W, be supercyclic?

4.2. Spatially inhomogeneous simple random walks on Z,. In this sec-
tion we consider spatially inhomogeneous simple random walks on Z, or dis-
crete birth and death processes. Let p = (pn)n>0 be a sequence of probabilities,
the simple random walk on Z, associated to p is a Markov chain with tran-
sition probability G := G defined by Goo = 1 — pg, Go,1 = po and for all
1> 1, Gi,j =0ifj Q/ {l — 1,714+ 1}, Giyifl =1-—p; and Gi,i+1 = p;.

1—po  po 0 0 00000 -
1—p1 O pr 0 0 0000 -

_ 0 1—p2 O p2 0 0000O0 -
Gp = 0000 -
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It is known (see chapter 5 in [9]) that G, is transient if and only if
+o00

S=% A=p)d =p2)..(A=pn) _

p1p2---Pn

n=1
and positive recurrent if and only if

“+oo

bop1---Pn—1
Sy = E < 00.
f T (1= p) (L= pa) (1= pa)

Thus if both series S; and S2 do not converge, then G is null recurrent.
Now, consider the sequence

1-— 1—p3).(l —pn_
Wy, = ( P1)( P3)--.( Pn-1) for n even,

P1p3-..Pn—1

and 1 1 1 1
wn:( —po)(1 —p2)...(1 = pn—3)(1 —pp_1) for m odd.
PoP2---Pn—3Pn—1

Theorem 4.8. The following properties hold:

1. If X =c¢p and limw, =0 or X =19, ¢ > 1 and Z:{i‘iw% < 400, then G
1s supercyclic on X.

2. Let X € {co,l?, ¢ > 1} and assume that there exist np € N and o > 0
such that p, > % + « for all n > ng, then there exists § > 1 such that A\G is
frequently hypercyclic and chaotic for all |A| > 6.

Remark 4.4. Item 1 in Theorem 4.8 implies that there exist null recurrent
random walks which are supercyclic on cg.

Proof: 1. Assume that 0 is an eigenvalue of G associated to an eigenvector
u = (un)n>0. Then

_po—1 _ Ppn1—1
= ug and u, = —/——
Po Pn
Thus u, = (—1)"wpup . If X = ¢p then 0 € o (T) if and only if limw, =0 .
If X =19, ¢ > 1, then 0 € 04(G) if and only if Z:{g wy < +o00. In both cases,
we deduce, exactly as done in the proof of Theorem 4.1, that G is supercyclic

on X.

2. Assume that :{g wy, < +00,

Indeed, let v = (v3)i>0 € X and u = (u;);>0 € [*° such that G(u) = v and
ug = 0, then

Ul Up_2, VN > 2.

v —1
Uy = 2 and Up = + Up—o for all integer n > 2.
bo Pn-1 Pn—-1
Putting r, = p;—;l for all integer n > 0, we obtain by induction that for all

integer n > 2,

Upn = Un—1+ Tp—1Yn—3 + Tn—1Tn—3Un—5 + -

Pn—1 Pn-3 Pn—5

1 1
7(7"71—17%—3 ce Tn—2k+1)vn—2k—1 R *(Tn—lrn—S " 'Tt+2)vtu
Pn—2k+1 Dbt
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where t = 0 if n is odd and t = 1 otherwise. Put S(v) = (0,uy,...) forallv € X,
then G(Sv) = v. Since p,, > % + « for all n > ng, we have that r, <

We deduce exactly as done in the proof of Theorem 4.1 that there exists § > 1
such that AT is frequently hypercyclic and chaotic for all |A| > §. O

Questions: 1. If X € {cp, 19, ¢ > 1} and >3 e Wy < 400, can we prove
that there exists § > 1 such that AG is frequently hypercyclic and chaotic for
all [A| > 57

2. If 2] wp < +00, then by Hélder inequality, we deduce that

io (1—p1)(1—p2)...(1—py)

PoP1---Pn—1

< +00

n=1
and hence G is transient.
Does there exist G transient and not supercyclic on I! such that Z+ 1w <
+o0?

Theorem 4.9. If X = ¢y and 3% 1 w,! < 400 or X = 1! and 1/w, is bounded
or X =19, ¢>1 and 325 (wy) " 7 T < +00, then \G is not hypercyclic for all
|A] > 1.

Remark 4.5. Theorem 4.9 is the closest we get to Theorem 4.6. We conjecture
that G is not supercyclic under the hypothesis of Theorem 4.9.

Proof: Assume that 0 is an element of o, (X', G') and u = (up)n>0 an eigen-

vector associated to 0, then w7 = 0. Thus (1 — po)ug + (1 — p1)u; = 0 and

Prtn + (1 — ppy2)unta = 0 for all n > 0. Hence for all n > 1, we have
Po2n—2P2n—4 - - - PO

(p2nf2 - 1)(p2n74 - 1) cet (pO - 1)

U2n = ]

and
P2n—1P2n—3 - - - P1 (1 —po)

u
(p2n—1 — 1) (P2n-3—3) ... (11— 1) p1 —1
Hence if X = cg and > 1w*1 < +o0o or X = [! and 1/w, is bounded or

=19 ¢>1and 3% (w,)” < 400, we have 0 € 0, ((AG)', X")). Thus,
by Lemma 2.5, AG is not hypercyclic for all A. OJ

Un+1 =

Question: If G is null recurrent and X = [, Is AT is not hypercyclic for all
|Al > 17

Remark 4.6. Let p = (pp)nez be a sequence of probabilities, and denote by
Gjp := G the transition operator of the spatially inhomogeneous simple random
walks on 7., defined by: For all i € Z, G“ 1=1—p;, GMH pi and G; ij =10
if j € {i—1,i+ 1}. Then by using the same method done in Theorem 4.8, we
can prove the following results:
1. If limw, = 0 and limwfrll
+°‘i wp, < 400 and S wll < +o0, then G is supercyclic on 19.
2. Let X € {co,l, q > 1} and assume that there exist positive constants

ng, N1, « such that p, < % —« for allm > ng and p, > %4—04 for alln < —nq,

=0 then G is supercyclic on cq. If ¢ > 1 and



14

ALI MESSAOUDI!, GLAUCO VALLE?

then there exists § > 1 such that AG is frequently hypercyclic and chaotic for
all |A] > 6.

Question: Does there exist a transient Markov operator that is not super-
cyclic? Does there exist a null recurrent Markov operator that is supercyclic
on 1?7
Acknowledgment: The authors would like to thank El Houcein El Abdalaoui
and Patricia Cirilo for fruitful discussions.

[1]

REFERENCES

H. Elabadaloui, P. Ciriclo, A. Messaoudi, G. Valle, Dynamics of stochastic adding ma-
chines, in preparation.

F. Bayart, E. Matheron, Dynamics of linear opertors, Cambridge university Press, 2009.
N. C. Bernardes Jr., A. Bonilla, V. Miiller and A. Peris, Distributional chaos for linear
operators, J. Funct. Anal. 265 (2013), no. 9, 2143-2163.

N. C. Bernardes Jr., A. Bonilla, V. Miiller and A. Peris, Li-Yorke chaos in linear dynam-
ics, Ergodic Theory Dynam. Systems 35 (2015), no. 6, 1723-1745.

J. Beés, Q. Menet, A. Peris and Y. Puig, Recurrence properties of hypercyclic operators,
Math. Ann. 366 (2016), no. 1, 545-572.

Carleson, L.; Gamelin, T.: Complex Dynamics, Springer, 1993.

K.G. Erdmann, A.P. Manguillot, Linear Caos, Springer.

B. Kitchens, Symbolic Dynamics, Springer, 1997.

S. Ross, Stochastic Processes, Second edition, Wiley & Sons, 1996.

W. Rudin, Functional analysis, Second edition. International Series in Pure and Applied
Mathematics. McGraw-Hill, Inc., New York, 1991.

S. Grivaux and E. Matheron, Invariant measures for frequently hypercyclic operators,
Adv. Math. 265 (2014), 371-427.

S. Grivaux and M. Roginskaya, A general approach to Read’s type constructions of op-
erators without non-trivial invariant closed subspaces, Proc. Lond. Math. Soc. (3) 109
(2014), no. 3, 596-652.

K. Yosida, Functional Analysis, Sixth Edition, Springer-Verlag, Berlin and New York,
1980.

AL1 MESSAOUDI

UNESP - DEPARTAMENTO DE MATEMATICA DO INSTITUTO DE BIOCIENCIAS LETRAS E CIENCIAS
ExATaAs.

Rua CRrisTOVAO COLOMBO, 2265, JARDIM NAZARETH, 15054-000 - SA0 JosE po RIO
PrETO, SP, BRASIL.

E-MAIL: messaoud@ibilce.unesp.br

GLAUCO VALLE

UNIVERSIDADE FEDERAL DO RIO DE JANEIRO, INSTITUTO DE MATEMATICA.
CAIxXA PostAL 68530, 21945-970, R10 DE JANEIRO, BRASIL.

E-MAIL: glauco.valle@im.ufrj.br



