CENTRAL LIMIT THEOREM FOR THE SELF-REPELLING
RANDOM WALK WITH DIRECTED EDGES

T. MOUNTFORD, G. VALLE, L. P. R. PIMENTEL

ABSTRACT. We prove a conjecture of Toth and Veto [4] about the weak conver-
gence of the self repelling random walk with directed edges under diffusive scaling
to a uniform distribution.

1. INTRODUCTION

In their paper, [4], Toth and Veto study a self repelling random walk on Z. To de-
fine this process fix a non-decreasing function w : Z — R, such that lim,_ (w(z) —
w(—z)) > (. The Self-repelling random walk (SRRW) associated to w is a nearest-
neighbor random walk (X (k))k>o starting at X (0) = 0 and evolving according to
the following transition probabilities:

P(X(k+1) = X(k) £ 1|X(0),.... X (k)) =

w(F (I (kX (R) — 17(k, X(k))))
w (I (e, X (k) = (e X () + (1=, X (1)) = (k X(R)))

. (1.1)
where [*(k,z) and [~ (k,x) are respectively the local times of the directed edges
r—r+landx —x—1,1ie.

ko) =#{0<j<k—-1: X(j)==, X(j+1) =z+1},

Many results were proven for this process which was analyzed in [4] by clever

Ray-Knight arguments following the blueprint of [3]. In particular, it was shown in
[4] that

=0.

vE 2 Vk
in probability, for precise statements see Theorem 1 and corollary 1 on [4]. Given
this result, it is natural to conjecture that X (k)/v/k converges in distribution to the
uniform distribution on (—1,1). In [4] it is also shown that this is the only possible
nontrivial limit after renormalization. The purpose of this paper is to prove this
conjecture and our main result is the following:

It(k,x) 1 (1 x )

lim sup
k—oo o

Theorem 1.1. Let (X (k))r>0 be the SRRW as described above. We have that as

k — oo, % converges in distribution to U(—1,1), the uniform distribution on

(—1,1).
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Remark: While this paper was being written we discovered the recent article of
[1] in which the analogous result is shown for the self repelling random walk with
undirected edges. It is also worth mention that similar questions arise for random
walks with site repulsion, see [5].

2. NOTATION AND PRELIMINARY RESULTS

The paper [4] is the main reference in this work and, as will be clear throughout
the paper, we rely constantly on the ideas and techniques found there. Thus, in
order to aid the reader, we will keep notation as close as possible to those in [4].

The definition in (1.1) of the SRRW leads us naturally to a Ray-Knight approach
in order to obtain results for the SRRW. This was exploited in [4]. The main tool
is a representation of the local times on the inverse local times,

T;Em =min {k > 0:15(k,2) =m},

in terms of independent exponentially ergodic Markov chains. We now describe this
representation: For every z € Z denote

Ya(m) = minf{k > 0:1"(k,x)+ 1" (k,z) > m}

0 Y
- {1+min{k20:#{0§jSk::X(j):x}:m} :

75" =0 and for j > 1

T;t’z = min{m > T;‘i{f T (ye(m), ) — 17 (72(m), z) =
" (va(m=1),2) =" (ya(m —1),z) £1}.
Put

np e = = (1 (e ) 2) =1 (e ), 2))

ny = U (a(r ) @) =1 (a7 ), )

for every j > 0. The Proposition 1 in [4] states that the processes (n;rx) x €7,

j>0’
are iid Markov chains starting with initial condition 1y* = 0. Moreover, from
Lemma 1 also in [4], these Markov chains are exponentially ergodic and their sta-
tionary distribution v = 1, can be described explicitly in terms of w, see [4]. The
stationary distributions v,, have an invariant property with respect to w, their mean
are equal to —1/2. To simplify notation, we will denote
1 _ _

rt =+ 3 and ;" =00 + 3
We will denote by (7,).cz a family of iid random variables distributed as 1+ % with
1 having distribution . This common distribution of the r,’s have the following
properties:

(i) the distribution is symmetric, in particular the mean is zero;

(ii) there are some exponential moments;
(iii) all integer values have positive mass and the distribution is aperiodic.
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We denote the variance of these random variables by o2.
Below we summarize some useful relations between the local times, inverse local
times and the the processes (n;“x)po. For x <0 and m € N, we have

l+(T;m,$) =m, (2.1)

+ (et _ —y+1
T,y + 1) =0T, y) + 1+ Mty & <y<0, (2.2)
Ty + 1) =T y) + 00 v =0, (2.3)
Ty =) =T w) + it ) y<e. (24)

As a first result, we will improve some bounds in [4] on the tail of the distributions
of the rightmost and leftmost positions visited by the SRRW by times T, Oj,:m' Let us
start with the proper definitions. Let

pm, =sup {z € Z: 1" (T3, x) > 0}
and
A, =inf{z €Z: 1 (Ty,,,x) > 0}.

See Theorem 1 in [4] for the scaling limit for these quantities.
To simplify notation, put

I () = U (T5n, ) -
From a close examination of the proofs of (46), (49), (50), (51) and (52) in [4], we
have that for any function ¢ : N — R, such that lim,, .., g(m) = 400 there exists

constants > 0 and ¢ = ¢(g) > 0 such that
P(L}(2m — 4y/mg(m)) > 3y/mg(m)) < ce Patm) (2.5)

P( min It(r) < mg(m)) < cme P9m (2.6)
1<z<2m—4+/mg(m)

P(ph > 2m+ /mg(m)) < ——
g(m)
and .
P(\, < —(2m+ Vmg(m))) < .
g(m)
We start improving the last two bounds on the tail of the distribution of p;| and
At

Lemma 2.1. For any function g : N — Ry such that lim,, .., g(m) = +oo and
limsup,,, ., L\/%) = 0 there exist constants 3 > 0 and ¢ = ¢(g) > 0 such that

P(p), > 2m+ /mg(m)) < ce ™

Since Lemma 2.1 is not our main concern, although we use it ahead, we postpone
the proof to Appendix A.
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3. THE LOCAL CENTRAL LIMIT THEOREM

In the following we consider the position of the random walk (X (k))x>0 at some
large time. In order to better conceive the quantities involved, we write this time
as n? even though, obviously a typical positive integer is not a perfect square. The
arguments presented will not make use of this and for a general integer time k the
term n should be thought of as the integer part of V/k.

A second hypotheses concerns the parity of z. Since our aim is to estimate
P(X,2 = z) and the random walk (X (k))x>o has period 2, the parity of = will
have an effect on our expressions. We will suppose that x and n? are even and the
case x and n? odd can be dealt with analogously.

With the above conventions, Theorem 1.1 is a straightforward consequence of the
following local central limit theorem for the self-repelling random walk (X (k))g>o:

Proposition 3.1. There exists 1/2 < o < 1 such that, for every e > 0, we can take
nog = no(€) sufficiently large so that if n > ngy then
1—e€

P(Xp2 =) > ,
(X =) > —

for every |z| < n —n® with the same parity as n*.

The rest of this section is devoted to the proof of Proposition 3.1. By symmetry
of the self-repelling walk, we can consider only the case x < 0 and we will suppose
this to be the case.

Note that P(Xn2 = :13) is equal to

P(EIO < m < n? such that T;_l,m = n2)+
P(30 <m < n? such that Toiim= n?)

= Z P(Ta:tl,m =n’) + Z P(Tqm = n?). (3.1)
m=0 m=0

Our first step is to consider for which values of m the contribution of P(T’ ;_Lm = n?)
is relevant in the sum above. We claim that m should be n/2 plus a term of order
V/n, otherwise the contribution of P(T, ;—l,m = n?) can be neglected. Indeed this
is the content of the Lemma 3.2 which also aims at providing precise asymptotics
for P(T,",,, = n*) for the right m. Before we state the result we need to fix some

notation. Recall that o2 is the variance of the stationary distribution v. Also define

u

0. (v) 2(1—M>,U>O,UER.

u

Lemma 3.2. There exists 1/2 < a < 1 such that, for every e > 0 and K > 0, there
exists ng = no(€e, K) sufficiently large such that

\/ﬂnwn?’/QP(Tjen(chﬁ =n?) > e B — £,




CLT FOR SELF-REPELLING RANDOM WALKS 5
for all n > ng, |z| < n —n® with the same parity as n* and ¢ € {é € (-K,K) :
On(x) + éy/n € N}, where

202 ((1+ 23 4 (1 - El)3)
; .

/Gn:

We postpone the proof of Lemma 3.2 to Section 4 and now we show how the
lemma is used to establish Proposition 3.1.

Proof of Proposition 3.1: Put

m_ng(x)>—K} and m%mein{m:m_Teg(x)<K}.

Then, in Lemma 3.2, we can write ¢ as mTZ for some m}, < m < m%. Therefore,

mJ. = min {m:

If the inequality in the same lemma holds, we have that

m m3 _ 4 (m—On(2))?
+ _ 2 > <6 n n _ € >
Zl P(Ta;—l,m n®) > Zl /B n3/2 /B, n3/2
m:mK

N ﬁnﬂn \/ﬁn’/T n’

]— K+/n

Ky/n
lim lim A/ ¢ Bn ]7 / yl—e*jdu =1,
K—00n—00 ﬁnwn o’m

j=—K+/n
for each € > 0 fixed, we can choose K = K (¢) sufficiently large and then ¢ = ¢(K ¢)
such that

Since

1—c¢
ZP =n') on '
mmK

for all |x| < n —n® with n sufficiently large.
By (3.1), we get

4. PROOF OF LEMMA 3.2

Recall that we are supposing x < 0 and that z and n? have the same parity.
Express T, in terms of the “onward” local times [*(k, z) as

S (1 (Thw) + 1 (Thrw) ) = 2D U (Thw) + 2l

yEL YEL
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Therefore the probability in Lemma 3.2 is

P (T ey ¥) = " . '5’3'). (4.1)

YyEZL

To deal with this last probability, write
ZFF z,0n (x +c\f’y) Z" +W:1?67+W£c,+7

YEL
where
no_ E + +
Zg,‘7c - l (Tx On(z )+cn1/2’y> )
ly|<n—n1/2log(n)
n _ E + +
z,c,1 T l (vaen(m)—&-cnl/?’y)
y>n—nl/2log(n)
and

re2 = Z a (Tjen( )+cn1/27y> ‘

y<—n+nt/2log(n)

We start considering Z'.. We are going to show that it can be replaced by
more convenient random variables that reduces the problem to a local central limit
theorem for sums of independent random variables. We need a proper representation

of the local times [+ (TJr (@) ey y) in terms of the processes (nf’m)jzo, x € Z. From
equalities (2.1) to (2.4), [T (T;en( Ty y) is equal to
On(x) + v+ ol + 0, o 0 if e <y <n—n'log(n),
On(x) + cv/n+ 372 0l L if —n+n"log(n) <y<w,
that can be rewritten as
+cyn + ,ifx <y <n-—n'log(n),
L e Sy <n—nt
()+C\/_+Zzyj ,if —n+n'log(n) <y <z,
where
_ lJF(TJr (@) e z) ,if —n+n2log(n) <y<0,
In(2) = lJr(TJr () ey ) +1 ,if0<y<n—n'2logn).

From here we need the following:

Lemma 4.1. There exists a coupling between the processes (TJ.“I)J.>0 starting with

j
initial condition ry"" = 1/2 and the family (r,)zez, introduced in Section 2, such

that ,
P(A,) > 1—CePls
for some 3 >0 and C' > 0, where

A {l+ <T;e (@)+ent/27 Y ) =1 (T;,_Gn(x)-l—cnl/?’y) ,0<|y[<n- ”1/2109(")}
with

Y
F (T oy rennd) = Only) +en'? + 3
z=z+1
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fory > x and
z—1
F (T s ¥) = ) + e+ 31
z=y

fory <.

Proof: The construction of the coupling is described in [4]. Similarly to (2.6),
by inspection of the proofs of (46) and (49) in [4], we have that for any function
g : N — R, such that lim,, ., g(m) = 400 there exists constants § > 0 and
¢ = ¢(g) > 0 such that

P( min{k:l*(ng,y) :l~+(T;j,y),Vj znh} < |x| 4+ 2hn — 4 ng(n)),

is bounded above by a term of order n e =29 for some 3 > 0. Since |z|+26,(z) = n
and |¢| < M, choose h = (0,(z) 4+ en'/?)/n and g(n) = log?(n) to finish the proof
by noting that || + 2hn — 41/ng(n) < n — n'/2log(n) for n sufficiently large. O]

Write
)
Vi'(z) = Z <9n(y) +en'/? 4 Z TZ>
z<y<n—nl/2log(n) z=x+1
and
x—1
V(r) = > (6u0) +en'” £ 30

—(n—nt/2log(n))<y<z—1 z=y

By Lemma 4.1, Z . # V*(z) + V3'(z) on A,. Simple algebra gives that

Vit(a) + V5 (x) = %2 +en®? 4 O(nlog*(n)) + S (z) + S5 (z),  (4.2)

where
n—y/nlog(n)
St(x) = Z (n —n*?log(n) — 2+ 1) 7.,

z=x+1
and

z—1

Sy (x) = Z (n —n"2log(n) +z+1)r, .

z=—(n—nl/2log(n))

The next step to estimate the probability in 4.1 is to prove that the contribution
of W', and W, can be neglected since it is of order smaller than n?.
Lemma 4.2. For M > 0 sufficiently large, there exists 3 > 0 such that

sup P(Wmn’qk. > Mnlog3(n)) S e_ﬁlOQQ(n) ]
k=1,2
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Proof: We deal with W"»

z,c,1*

The case of W', , is analogous.
Given that L = [+ (Tsien(z)ﬂnl/” (n — n”%og(n))) is of order y/nlog(n) and that

pT < n+log?(n), which happens with probability bounded below by 1 — e~ 809’ (),

we have that W', ; is equal to a term of order nlog®(n) plus

n—nl/2log?(n)
+5y
2.
1+
y>n+nl/2log(n) ( n—n1/2l0g(n),L y)

Now we proceed as in the proof of Lemma 2.1 to show that the previous sum is of
order smaller than nlog®(n) with the required high probability. [J

We now return to (4.1). Similar arguments as the ones above can be applied to
the event {T () benl/2 = = n?} and we can also replace the sum of the local times of

right oriented edges by Vi* + V2. Therefore, By Lemma 4.2 and Lemma 4.1, (4.1)
is the sum of a term that decays as e~ Blog®(n) plus

1Mnlog n) M nlog3(n)
5 Z Z < accl W;CQ_].,> (43)
j=1 =1

n® — |z[ = (G + )
2

ﬁmmwm:

z,c,1 :] WgZLCQ - ‘,) ’
Define
lng = l+< b () 4ent/20 TV nl/Qlog(n)>

and
oz = 1Ty oy et — (0 = 0 2l0g(n)) ).

Note that V{*(z) + V*(z) is conditionally independent of (W, ,, W, ,) given l,;
and l~n,2 and A,. We recall that

l~n’1 =40, (n — nl/zlog(n)) + en'/? 4 Y (z)
and B

lpo=0,(—(n— nl/zlog(n))) +en'? 4 Y (x)
where
n—n'/2log(n) z—1
Yi'(z) = Z r. and Y)'(z) = Z (.
z=x+1 z=—(n—nl/2log(n))

Therefore, using (4.2) and the fact that W' . are conditionally independent of
S(x) given the Y;"(x), we have that (4.3) can be rewritten as

M nlog3(n) M nlog3(

%Z Eﬁ% L =00 Wiea = 1) SO0 POT @) =k, Vi) =)

(j+3)
2

xP(Sf(I) 4 S8(x) = ha(z) —

@) =k V(@) = K) . (44)

where h,(z) = cn®? — |2|/2 + O(nlog®(n)). Recall from the statement of Lemma
3.2 that |¢| < K and |z| < n, therefore h,(x) is of order n®2. We are going to show
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that conditional probabilities in (4.4) are bounded below by a constant (more or
less) on scales smaller than n/2.

From here, we need local central limit theorems for (Y7, S7),>1 and (Y35, S5 ),>1.
Lemma 4.3. For each strictly positive €, we have that for all n sufficiently large,

uniformly over 0 < |z| < n —n'2log(n) and (a,b) € 72,

2

4 [z]\2 5
‘2#—(1 + ) "n*P(Y"(z) = a, S}'(z) = b)
V12 n
_ <_#(“_2+3_b2_3ﬂ7)>‘ <
erp 02(1+|Z_\)2 n nd n? c

The proof of Lemma 4.3 is standard and follows a classical approach as in the
proof of the local central limit theorem for lattice distributions. So we include it in
Appendix B for the sake of completeness.

Lemma 4.3 and the local central limit Theorem for Y{"(x) alone yields that

Corollary 4.4. For each finite M and each strictly positive €, we have that for all
n sufficiently large, uniformly over —n + n'?log(n) < = < 0, |a| < Mn'/? and
b < Mn?/2,

V2r

1+ By sy <0 v = 0

6 a b |2
_e$p<_02(1+|_)3(2n1/2_ns/g)) < €.

T
n

We have a similar result for (Y3, 55),>1 when 0 < z < n—n®. This new constraint
on z is to guarantee that n — n'/2log(n) — x is sufficiently large.

Corollary 4.5. Let N, = n — n'?log(n) —u, v € R. For each finite M and
each strictly positive €, we have that for all n sufficiently large, uniformly over
—n+n®* <z <0, |a < MN2?, b < MNZ?,

V2r

g N3/? y(x) = V(x) =a
i N;?P(83(x) = b]Y3'(x) = a)

6 a b 2

From the previous colloraries we are able to obtain the following:
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Lemma 4.6. For each finite K and for each ¢ > 0, if n (and therefore N,
n—n'?log(n) —x) is sufficiently large then, whenever |a| < Kn'/?,|d'| < KN,
b < En32 and —n +n* <z <0, we have

1/2

@nS/QP(SS(@ +S5(@) = b|¥/'(@) = @, ¥3'(@) = )

2
4 a a b |2
2 e:vp(— E(inﬂ + ON?/? - n3/2) ) - ¢

where (3, is as in the statement of Lemma 3.2.

We postpone the proof of Lemma 4.6 to Appendix C.
Now we are able to finish the proof of Lemma 3.2. By (4.4) and Lemma 4.6, we

have that
VB n®? P (Tj On(@)+eym 2)

is bounded from below by the sum of a negative term that decays as n®/ 2¢—Blog*(n)
and

M nlog3(n) M nlog3(

Z Z P( xcl_j,W£C72:j/)
Z S PV () =k, Yi(e) = K) x

|k|<Knl/2 |k/|<KN1/2

<ean( - %(2:1/2 i 2]\];/2 B ni/Q on(2) = (jj;—j)w) ~e|. @)
Since o
# [hn(az) — %} =c+ O(nlog2(n))

C2
it is straightforward to see that (4.5) is bounded below by e~ % — & minus a term

that goes to zero as n — oo. So we have obtained Lemma 3.2.

APPENDIX A. PROOF OF LEMMA 2.1

By definition of p; and property (2.3)

P = sup {x cm+ an}n’?z_l) > 0}.
z=1

So, conditioned to [} (zg) =1 > 0,

s —:mﬁ—sup{x Z+Z llm;’:jz 1)>O}

7j=1
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which has the same distribution as xg + p;". Moreover, It is clear that pf is an
increasing function of m. Now, from (2.6), we have, for m sufficiently large, that

P(p} = 2m++/mg(m)) < cm e PIm

(P\/—>\/_g +4\/7)

We are going to estimate
(p\/_>\/_g )+ 4\/m ) (A.1)

By the exponential convergence to equilibrium of the Markov Chain 7 starting at 0
(see Lemma 1 in [4]), we have that lim, .. E[,] = —%, which is the expected value
of the chain in equilibrium. Then, we can fix [y > 1 such that

1
sup E[n] < ~1
1>lo

Now, put T":=T 0+ ) and define the random set
A/ mg(m

Ap = {1 <2 < /mg(m) + 4y/m 0 <IM(T,z) <lo}.

and p = inf;;, P'(0, —1) > 0. For each point x € .Am, independently of any other
point in A,,, we have that 7711?:%) = —["(T,z) with probability at least p, which
implies that [T(T,x + 1) =0, i.e, {7(T, z) = 0 for every z > x. Therefore,

P(#A, > 4y/mg(m)) < (1 —p)*v mg(m)

From the last inequality and (A.1), to prove the statement we only have to care

about
(p\/m>\/_g ) + 4y/mg(m), # A, < 4y/mg(m)) . (A.2)

Also by Lemma 1 in [4], we can fix a > 0 such that max;<;<;, F[e®" "] is finite.
Choose a constant ¢ > 0 sufficiently large such that

B = —ca + 4log (ly max E[ealo"m]) <0.

<ji<lb
Therefore,

(ZnHTz Hn=¢cvm ), #An < 4y/m )

CCE.Am

lo
< P31 = e v/mg(m), #An < 4/mg(m) )

TEA,, j=1
4y/mg(m) 1,
( Z Z\% >cy/m ()><65W (A.3)

where the last inequality follows from Chebyshev’s exponential inequality and the
independence of the processes n™%, = > 1.
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Returning to the probability in (A.2), we have that
> v/ m < 4\/m
(pm \/_g ) +4  #An <4 )
= P(lm(\/ﬁg(m) +4y/ mg(m)) >0, #An < 4+/mg(m))

Vmg(m)+44/mg(m)
- P( Z nl:(xT,z—l) >0, #An <44/ mg(m)) .

=1
Let B, = {1 <z < y/mg(m) + 4y/m cx & #A,}. By (A.3) the last term in
the previous expression is bounded above by e F'Vmam) plug
P( Z nl;’fT’%l) > —cy/mg(m), #A, <4 Vmg(m)) )

(EEBm

The last probability is less or equal to

mg(m)

Z P(#A, = 4y/mg(m) — j)x
XP( Z Me(re ) > —CVmg(m) ‘ #A,, =4/ mg(m) — j> . (A4

.’L'EBm

where the last equality holds for m sufficiently large.

We will need the following claim whose proof is a straightforward exercise in
probability and is left to the reader:
Claim: If (W,,),>1 is a sequence of independent random variables such that

(i) sup,>; P(|Wy| = y) < Ce=l, for some ¢,C' > 0 not depending on y;
(ii) sup,>; E[W,] <0.
Then for every o > 0 sufficiently small

sup Ele®""]

n>1

<1,

and for every a, — +4oo and r > 0 there exist C' = C(«,(a,),r) and " =
8" (e, (ay),r) such that

P( ZWk > —rn an> < Qe Pman

Apply the claim above with n = \/m, a,, = 2g(m) and r = ¢ by choosing a > 0
appropriately, to show that (A.4) is bounded above by Ce=F"Vma(m) for some C, f >
0.
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APPENDIX B. PROOF OF THE MULTIVARIATE LOCAL CENTRAL LIMIT
THEOREM

This appendix is devoted to the proof of Lemma 4.3. It follows the same steps
of the classical proof of the local central limit theorem for lattice distributions that
can be found for instance in Section 2.5 in [2].

Let (§;);>1 be a sequence of iid random variables with mean zero, finite variance
o? and distribution concentrated on Z + 1/2. Denote its common characteristic

function by ¢. We are going to give an idea of the proof that

N N
lim sup ‘_N2P< N—1/2 Zgj =, N—3/2 ngj _ v> _6_722(u2+3vz+3w)
Jj=1 j=1

N—ooy, WELN

=0,

(B.1)
where Ly = {(u,v) : uNY? € Z + N/2,vN3? € Z + N(N — 1)/4}. From the
inversion formula for the Fourier transform we have that

o~ ZWHBw) p< 1/225 =u, N~ 3/22:]5]—”)
j=1

are respectively equal to

2 00 oo 2 -
o / / e—itu—isv 6_% (t2+t5+%) dtds ,
4\/§7T —o00 J —00

TN3/2 TN1/2
—ztu—isvgb t dtd
N S S
47T2N2/ N3/2/7rN1/2 ( ’ ) 7

where ¢y is the bivariate characteristic function of (N /2 ZN L&, N73/2 Z] 1 J&)-
Therefore the expression in (B.1) is bounded above by the sum of

AN3/2 AN1/2
W2N2 / / ot s) — = (Pt )| dras

TN3/2 TN1/2

%t-ﬁ-ts-‘r )dtd
4\/_7T//1"N i

where I'y = ([t N2, 7NY/2] x [x N3/2 7 N3/?])¢. The second integral clearly goes to
zero as N — oo. The first integral also goes to zero as N — oo. To prove this, it is
enough to apply the usual analytical methods applied to the study of convergence
of characteristic functions related to central limit theorems. Just to point out that
we get the proper constants, note that

N :
t J
log g (t,s) = Zlog¢<m+w)
j=1

and

and

s
2 t js

- + P,
N2 TN

)2 +o(N1)

] =

o
2
1

2 2

2 +ts+ 3>+0(N‘1).

T

o
2



14 T. MOUNTFORD, G. VALLE, L. P. R. PIMENTEL

We have that (B.1) follows from the claimed convergences.

From (B.1) applied to the sequence of iid random variables (r,).cz, we get Lemma
4.3 by setting N? = n —n'/?log(n) + |z|, u = a/N'/? and v = b/N>/2.

APPENDIX C. PROOF OF LEMMA 4.6

A priori we will prove a result about convolutions of ”Approximate discrete”
Gaussians. Not surprisingly these yield ” Approximate discrete” Gaussians. In the

following we consider f(z) = ﬁe*lj/z and ®(z) = f;o e 2y, .

Lemma C.1. For given M, € € (0,00) with M > 1 and € < ¢y << 1, there ezists
09 < o0 so that for
09 < 01 < 09,

whenever positive sequences (§)rez and (Cx)rez Satisfy

1_€f<0£) for |k| < Moy
2

02

Sk >

and
1—c¢

01

Ck
then for all |z| < May/9,

St = (1—eP(1—0(M/4))

Y

f<0£1> for |k| < Moy,

— (=)
Vo?+ o3 \/af—I—og'

Proof: We first note that uniformly over |z| < Moy, |y| < Moy, we have by the
uniform continuity of the function f we have

z+ - vH2 a —u
(DI 2 ama [ a5
02 o1 y—1/2 09 01
for oy sufficiently large. Thus for oy large and |z| < Mo9/9, we have
1 Mo1/241/2 . o —u
e P (5 )
A 0201 J Moy /2-1/2 02 01

which after standard manipulations is equal to

(1—e)

1 > My/oc2403/c2)/2+1/2 ZO’%
) [ e H (e T )
O’% + a% 0% + J% (—=Mr/02+03/02)/2—1/2

From which the result follows. [

2 2
o]+ 05

Now, for n and x fixed, put
& = P(S?(w) =k —an|Y*(z) = a)

and
e i= P(S3(z) = k — d'N,|Y3'(z) = ).
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By Corollaries 4.4 and 4.5, we have that the sequences (& )rez and ((x)rez satisfy the
hypothesis of Lemma C.1 with M = @, o1 =% (1+ %)3/2713/2 and gy = < N>/2.

V6 V6
Now apply this lemma to obtain Lemma 4.6 noting that
o1 + 05 = % + 0(n**log(n)).

which is of the order as 3, ~ O(n?).
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