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SPECTRA OF STOCHASTIC ADDING MACHINES BASED
ON CANTOR SYSTEMS OF NUMERATION

ALI MESSAOUDI!, GLAUCO VALLE?

ABSTRACT. In this paper, we define a stochastic adding machine based
on Cantor Systems of numeration. We also compute the parts of spectra
of the transition operator associated to this stochastic adding machine
in different Banach spaces as co,c and lo, 1 < a < +00. These spectra
are connected to fibered Julia sets.

1. INTRODUCTION

Adding one to a non-negative integer n can be performed through an al-
gorithm that changes digits one by one in the expansion of n on some system
of numeration. Stochastic adding machines are time-homogeneous Markov
Chains on the non-negative integers that are built based on a stochastic rule
that prevents the algorithm to finish. Killeen and Taylor [6] have introduced
this concept considering dyadic expansions. They found out and studied in
detail an interesting relation between complex dynamics and the spectral
properties of the transition operators of a particular class of dyadic sto-
chastic machines: the spectra of the transition operators were filled-in Julia
sets of degree two polynomials. Thereafter stochastic machines have been
studied on several other systems of numerations, see [1, 8, 9], generating a
rich class of examples connecting probability theory, operator theory and
complex dynamics. Before we give more details on previous works and on
our motivations, let us introduce the stochastic machines we study in this
paper.

Here we are going to consider stochastic machines on general Cantor sys-
tems of numeration. Denote the set of non negative integers by Z, =
{0,1,2,3,...}. Let us fix a sequence d = (d;);>o of positive integers such
that dg =1 and d; > 2 for j > 1. Set

+oo
P =Tgi={(@)f% 1a; € {0, dj =1}, j 21, Y a; < o0},
j=1
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and
qgj =dody...d;j, j>0.

There is a one to one map from Z, to I" that associates to each n a sequence

(a; (n))j:(’f such that

The right hand side of the previous equality is called the g-expansion of n
and aj(n) is called the j th digit of the expansion. The map n — n +1
operates on I' in the following way: we define the counter ¢, = (g, =
min{j > 1:a;j(n) # d; — 1} then

0 v J <G,
aj(n+1)=4q aj(n)+1 , j=Cn,
aj(”) 7j><n-

So an adding machine algorithm, that maps n to n + 1 using d-adic expan-
sions by changing one digit on each step, is performed in (, steps in the
following way: the first ¢, — 1 digits are replaced by zero recursively and in
(nth step we add one to the (,th digit (basically we are adding one modulus
d; on each step [). Note that 0 < ¢, <lifn € [q_1,q].

Fix a sequence of strictly positive probabilities p = (pj)j:of Suppose that
at the j-th step of the adding machine algorithm, independently of any other
step, the information about the counter get lost, thus making the algorithm
to stop. This implies that the outcome of the adding machine is a random
variable. We call this procedure the adding machine algorithm with fallible
counter, or simply AMFCg 5.

Formally, we fix a sequence (@)jﬁf of independent random variables such
that &; is a Bernoulli distribution with parameter p; € (0,1]. Define the
random time 7 = inf{j : {; = 0}. Then the AMFCj ; is defined by applying
the adding machine algorithm to n and stopping at the step 7 A (, (this
means that steps j > 7 are not performed when 7 < (,).

Now fix a initial, possibly random, state X (0) € Z. We apply recursively
the AMFCg 5 to its successive outcomes starting at X (0) and using inde-
pendent sequences of Bernoulli random variables at different times. These
random sequences are associated to the same fixed sequence of probabilities
(p]);r:o‘f In this way, we generate a discrete time-homogeneous Markov chain
(X(t))t>0 which we call the AMFCj 5 stochastic machine.

In [6], the case dj = 2, p; = p € (0, 1) is studied. Among other things, the
authors show that the spectrum of the transition operator of the stochastic
machine acting on [*° is the filled-in Julia set of the degree two polynomial

22— (1-p)
—
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Further spectral properties of the same transition operators and their dual
acting on ¢y, ¢, [%, o > 1, are considered by Abdalaoui and Messaoudi in
[1].

In [9], Messaoudi, Sester and Valle have introduced the stochastic ma-
chines associated to non constant sequences p, but d = d constant. It is

shown that the spectrum of its transition operator acting on [*° is equal to
the filled-in fibered Julia set E defined by

Eqp = {z € C : limsup |f;(2)| < +oo}, .

j—+oo

where fj = fjo..ofiforall j >1and f; : C — C, is the function defined

by
fi(z) = (Z_ (1_pj)>d .

Dj
It is also studied the topological properties of the filled-in fibered Julia sets
Eqp. It is given sufficient conditions on the sequence (p,)n>1 to ensure
that Egp is a connected set, or has a finite or infinite number of connected
components and also to ensure that the fibered Julia set 0F; 5 is a quasi-
circle.

Motivated by [1] and [9], the aim of this paper is the analysis of the spectra
of the transition operators of the more general AMFCj 5 stochastic machines
acting in [*°, ¢y, ¢, [¢, a > 1. The decomposition of the spectra in their
point, residual and continuous parts now depends on the particular choices
of the sequences d and p. But even in this far more general scenario we are
able to give an almost complete description of the spectra answering posi-
tively a conjecture of Abdalaoui and Messaoudi that completely describes
the residual spectrum in .

In order to describe our results, we need to introduce some notation.
Denote by o(2,d, p), 0,(Q,d,p), 0,(Q,d,p) and o.(€2,d, p) respectively the
spectrum, point spectrum, residual spectrum and continuous spectrum of
the transition operator of the AMFCg 5 Markov chain acting as a linear
operator on €2 € {cg, ¢, 1%, 1< a < oo}. We obtain the following results:

e The AMFCg 5 Markov chain is null recurrent if and only if ;—:OT pj =
0, otherwise the chain is transient.
e The spectrum of S acting on Q € {cp, ¢, [*, 1 < a < oo} is equal to

to the fibered filled Julia set Ej; := {z € C: limsup;_, 17 (2)] <
—i—oo} where f] = fjo..ofiforall j >1and f; : C = C, is the

3 @

function defined by f;(z) := (%ﬁ) .
e In [°°, the spectrum of S is equal to the point spectrum o,(I>°, d, p)

and hence the residual and continuous spectra are empty sets.
e In Q€ {cy, ¢, 1% 1< a< oo}, the residual spectrum is empty set.
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e In ¢y, the point spectrum is not empty if and only if lim p,, = 1, and
in this case the op(co, d,p) equals to the connected component of the
interior of E;; that contains 0. Moreover, if p; > 2(v/2 — 1) for
all integer j > 1 and d is constant, then o,(co,d,p) equals to
the interior of EJ,ﬁ

e In ¢, the point spectrum is equal oy (co, d, p) U {1}.

e In (¥ a>1,if Z (1 — pj)* diverges, then the point spectrum
is empty. If p is monotone increasing and Z °1(1—pj)® converges,
then 0,(1%,d,p) = o,(co,d, p). Note that, here we also consider
the case a = 1, where the convergence of Zj’:of (1 —pj) is
equivalent to HJ 1p;j > 0.

e In I}, if (d,)n>0 is bounded and lim sup p, < 1, then the residual
spectrum is contained in the boundary of E;; and equals to the

countable set X = (J°% F~{1}\ Ut F{0}.
If H 1pj =0 (null recurrent Case) then the residual spectrum
contains the countable set ;0 ”{1}\U %0 f7{0}. In this case,

we conjecture that o,.(I!,d,p) = X If ] lp] > 0 (transient case),
or(I',d,p) N X = (). In this case, we conjecture that o,.(I',d, p) = 0.
The paper is organized in the following manner: In the next section we
shall define the AMFC3 Markov chain and study when it is recurrent or
transient. In section three, we study the spectra of transition operator of
the AMFCj chain in [*°. In section four we focus the study in other Banach
spaces as ¢y, ¢ and (%, 1 < a < oco. The last section is devoted to the
proofs of all technical lemmas.

2. TRANSITION OPERATORS AND RECURRENCE OF AMFCj CHAINS

In this section (X (t))>0 is an AMFCy 5 stochastic machine associated to
a sequence of non negative integers d= (d ) J=1> d; > 1, and of probabilities
p = (p])j:of , pj € (0,1]. This Markov chain is irreducible if and only if
pj < 1 for infinitely many j’s. Moreover, when p; = 1 for every j > 1, we
have that the AMFCj ; stochastic machine is the deterministic shift map
n—n-+1onZ;.

Our first aim is to describe the transition probabilities of (X (t)):>¢ which
we denote s(n,m) = s; g(n,m) := P(X(t +1) = m|X(t) = n). They can be
obtained directly from description of the chain: For every n > 0

A =pr) [T s m=n—370(dj —1)gj—1,
TSCn_lv Cn227
s(n,m) = I—p sy m=mn, (2.1)

chnlpy , m=mn+1,
, otherwise.

tpl



prop:recurrence‘

SPECTRUM FOR OPERATORS OF STOCHASTIC MACHINES 5

From the exact expressions above, it is clear the self-similarity of the tran-
sition probabilities. Indeed, it is straightforward to verify that for every
j > 2, we have

s(n,m) = s(n —aj-1(n)gj-1,m —a;1(n)gj-1) , -1 <m<g—1,
’ 0 , otherwise,

for all gj—1 <n < ¢;—2 (note that ¢, < j—1 for this choice of n). Moreover,
if n =¢; — 1, we have ¢, = j, s(q; — 1,q;) = {illpl and

,
s —Lgg—¢) =0 —p) [ [, 17 <. (2.2)
=1
With the transition probabilities, we obtain the countable transition matrix
of the AMFCy ; stochastic machine S = Sz = [s(n, m)]nm>0.
Note that S is doubly stochastic if and only if j;of pj = 0. In fact S is
stochastic and the sum of coefficients of every column is 1, except the first
one whose sum is 1 — Hj:f Dj-

In the next proposition, we obtain a sufficient and necessary condition for

recurrence of the AMFC;M) Markov chain.

Proposition 2.1. The AMFCj 5 Markov chain is null recurrent if and only
if

+oo
IIri=0. (2.3)
j=1

Otherwise the chain is transient.

The proof of Proposition 2.1 is analogous to the proof for the case d
constant that is found in [9]. We present it here for the sake of completeness.

Proof: We start showing that condition (2.3) is necessary and sufficient to
guarantee the recurrence of the AMFCg 5 stochastic machine. From classical
Markov chain Theory, the AMFCa’I-) stochastic machine is transient if and

only if there exists a sequence v = (v;) 1> such that 0 < v; < 1 and

7j=1
—+00
vi=Y s(Gmom, j>1, (2.4)
m=1

i.e, Sv = v where S is obtained from S removing its first line and column.
Indeed, in the transient case a solution is obtained by taking v,, as the
probability that 0 is never visited by the AMFC4q Markov chain given that
the chain starts at state m (see the discussion on pages 42-43 of Chapter 2
in [7] and also [11]).

Suppose that v = (v]);;o‘f satisfies the above conditions. We claim that

Vg4+j = Vg, , forevery 1 >0 and j € {1,...,(diy1 — 1) — 1}. (2.5)

tp4

reccondition
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The proof follows from induction. Indeed, for j € {1,...,(d — 1) — 1},

suppose that vy, = vg 4, for all 0 < r < j — 1 we have that vg4,;-1 =
S _1s(q+j—1,m)vy,. Since s(q+j—1,m) =0 for all 0 < m < ¢, we
have
J
Vgtj—1 = Z s(gg+J—1,q+7)vg4r
r=0
J
= ZS((H +i=La+r)| v
r=0
+s(q+7— 1+ j)(vg+j — vg) - (2.6)

Using the fact that j € {1,...,(d — 1)g; — 1} note that

J
Y osla+i-La+r)=1,
r=0

thus, since s(q;+j—1,q+7) > 0, from (2.6), we have that vy, ; = vg4+j—1 =
vg,- this proves the claim.

It remains to obtain v, from v, for [ > 0. First note that (2.5) implies
Vgry1—qr = Vg for 0 <7 < 1. From the transition probabilities expression in
(2.2), if we put pg = 1, we have that

l

Vg = Vgt = (Po-Pie2)Vay, + Y (P0-Pr = Po-Dra1) Vg, -
r=0

= (po---Pi42)Vq, + (1 = po...Di41)vg,
Therefore for every [ > 1
Vg = S = 1111 .
Pi+1 ] ey
From this equality, we get to the conclusion that v exists and the chain is
transient if and only if

“+o0o
Hpj >0.
j=1

Now suppose that we are in the recurrent case. Since S is a irreducible
countable doubly stochastic matrix, it is simple to verify that the AMFCgL16
have no finite invariant measure and then cannot be positive recurrent. [

3. [°° SPECTRA OF TRANSITION OPERATORS OF AMFCj ; CHAINS

In this section we discuss the spectra of transition operators of AMFCg 5
stochastic machines. We consider the usual notation for the Banach spaces
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(% - lla); 1 < v <00, (co, | - o) and (¢, || - [loo), Le.: for w = (w(n))nz0 €
CZ%+, we have

~—
Q=

[w]oo =sup|w(n)| < oo, [w|a= (le(n)“ , 1<a<oo,
n>0 n>0
and

1 = 1°(Z4) = {w € C : Julloe < o0},
[* =1%(Z4) = {w € C* : ||w]|a < o0},
c=c(Zy)={w €1 :w is convergent},
co=co(Zy)={wec: nh_{)gow(n) =0}.

The transition operator of the AMFCj ; stochastic machine is the bounded
linear operator on [*° induced by S;; as

oo
Szpln) = 3 s(n,myw(m), n ez,
m=0
for every w € [*°. We also denote the transition operator by Sg;. The dual
transition operator of the AMFCj 5 stochastic machine, which we denote by
Sé?ﬁ’ is the bounded linear operator on [ induced by Sd7]5 as

1] wl(n) = [wSz,)n) = 3 wm)s(m,n), neZs,

m=0

for every w € [*°.

The matrix Sj; is stochastic with columns also having its sums uniformly
bounded above by one. Therefore we can show, analogously to Proposition
4.1 in [1], that the restrictions of Sz, and Sd’ﬁ to Q € {cp,, 1% 1 < a < oo}
are well defined bounded linear operators on €.

We call Sziﬁ the dual transition operator in order to simplify the text.

From usual operator theory, the dual of Sg; acting on ¢, ¢ is Séip acting on
I and the dual of Stiﬁ acting on [¢, 1 < a < 00 i8 S&ﬁ acting on =8
We recall that given a complex Banach space £ and T': F — E a con-

tinuous linear operator, the spectrum of the operator 1" can be partitioned
into three subsets (see for instance [13]):

(1) The point spectrum o,(T") = {A € C,T — I is not injective}.

(2) The continuous spectrum o.(7T) = {A € C: T—AI is injective , (T — A\ )E =

E, (T — MI)E # E}, where (T — M )E is the closure of (T'— A\ )E
in E.

(3) The residual spectrum o,(T) = o(T') \ 0p(T) U o (T) = {N € C:
M — T is injective, (A —T)E # E}.



cor:bound

8 ALI MESSAOUDI!, GLAUCO VALLE?

In order to describe the spectrum of Sg;, we need to introduce more

notation. We denote by D(w,r) ={z € C: |w—z| <r} and D(w,r) = {2 €
C:|lw—2z| <r}. Let fj : C— C, j > 1, be the function defined by

= (1-p)\*
fi(z) = ( .
i(2) py
Also set fo as the identity function on C, f] = fjo..of1,j>1,and

E;;:= {z € C : limsup |fj(2)| < +oo} .
P j—+o0

Lemma 3.1. The set E;; is included in D(1 — p1,p1). Moreover, for all
z€Eg; and j > 1, fj(z) belongs to the disk D(1 — pji1,pjs1)-

Corollary 3.2. We have that

o
Egp = D —pi,p) N[ f7 (D0 = pjs1,0511)
j=1

= D(0,1)N ﬁ f7H(D(0,1)) .
j=1

Let Q € {cp, ¢, 1%, 1 < a < oo}. Denote by o(Q,d,p), 0,(Q,d,p),
o-(9,d,p) and 0.(Q, d, p) respectively the spectrum, point spectrum, resid-
ual spectrum and continuous spectrum of S; ; acting as a linear operator on
Q. We replace o by o’ to represent the spectrum and its decomposition for
the dual transition operator Sl’,ﬁ'

Let us start with the analysis of a simple and well-known but important
case. Recall that for p; =1, j > 1, we have that the AMFCj 5 stochastic

machine is the deterministic map n +— n + 1 on Z, for any sequence d. In
this case, 0(I®,d,p) = 0,(1%°,d,p) = D(0,1). Since, fj(z) = 2/, z € C,
we have that (f;(2))j>1 is bounded, if and only if, z € D(0,1). Therefore,
Egs=o0(>, d,p) = 0,(1°,d, p) = D(0, 1).

For the general case, we have:

Theorem 3.3. For every sequences p € (0,1]N and d = (d;);>0 where dy = 1
and (di)i21 - {2, 3,4, ...}N,

Ejs;= o(I°°,d, p) = Jp(lm,J,ﬁ) .

).

The proof of Theorem 3.3 follows directly from the next two propositions:

Proposition 3.4. The point spectrum of Sg; in 1% is equal to Ej ;.
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Proposition 3.5. For any Q € {co, ¢, [%, 1 <a < oo}, 0(Q,d,p) C Ej -

The rest of this section will be devoted to the proof of the previous propo-
sitions. To prove the proposition 3.4, we give in the next lemma an explicit
characterization of the eigenvectors of Sy .

Lemma 3.6. A sequence v € [*° is an eigenvector of Sgp associated to an
eigenvalue A, if and only if, for some v(0) € C, v = v(0) - v\ with vy given
by

o
o) = [[r)*™, n>o0, (3.1)
r=1
where a,(n) is the r digit of n in its q-expansion and
L)\(’l“) = (hr o frfl )()\) (3.2)
for
z 1— Pr
hy(z) = — — . 3.3
( ) DPr Dr ( )

Note that in (3.1) we only have a finite number of terms in the product
that are distinct from 1.

The proofs of Proposition 3.4 and Lemma 3.6 are analogous to the case
d constant presented in [9]. We present both of them here for the sake of
completeness.

Proof of Proposition 3.4: Since S 4.5 1s stochastic, its spectrum is a subset

of D(0,1). By Lemma 3.6, A € D(0,1) is eigenvalue of Sy, if and only if,
vy € [*°. In this case, vy is, up to multiplication by a constant, the unique

eigenvector of S, in [* associated to A.

We are going to show that (|¢x(4) \)j:“f is bounded above by one if and only

if A\ € Ey;, otherwise it is unbounded. Therefore, from (3.1), we have that
vy is a well defined element of {*° if and only if A € Ej;. Thus Proposition
3.4 holds. .

If X € Eg; then f._1(}) is uniformly bounded and according to Lemma
3.1, forallr>1

fr=1(A) € D(1 = pr, pr).

Since h, maps D(1 — p,,p,) on D(0,1) we deduce that |tx(r)] < 1 and
(Jex(r)]);25 is bounded above by one. Indeed, assume that there exists jo € N
such that |¢x(jo)| > 1. Then A ¢ Ez ;. Thus | /()| > 1 for some 7 > 1. We
deduce, by (5.2) in the proof of Lemma 3.1, that lim; o |f;(2)] = +oc.
Hence lim;_, 4 [¢A(4)]) = +o0.

Conversely, suppose |¢)(r)] < 1 for all ». From (5.1) also in the proof of
Lemma 3.1, we know that for any |z| > 1

|hr(2)] = |2].

ps3
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Thus, if |f,_1(\)| > 1 for some 7 > 0, we have

A()] = e (Frm1 )] 2 | frma (V)] > 1,

which yields a contradiction to the fact that |¢x(r)| < 1. Hence |f,_1(\)] < 1
for all r and, by definition, A € E.
Hence (’/,)\(])’);—:oi) is bounded above by one if and only if A € Ez;. O

Proof of Proposition 3.5: We prove here that (9, d,p) C E; ;. Here we
denote by 7 : Z; — Z the shift map 7(n) =n +1 and by pp := (pn+5)720;
dp = (dn-&-j);x:)O'
Put g ) s
3= p— (1—p1) 7
p1
which is also a stochastic operator acting on Z,. It is associated to a ir-

reducible Markov chain with period d. Thus S’glﬁ has d; communication
classes.

It is straightforward to verify that the communication classes of S’glﬁ are
{7eéN:j=n moddi}, 0<n<d —1.
Furthermore, S’glﬁ acts on each of these classes as a copy of Sy, 5 . There-
f?re, the spectrum of Sg}ﬁ is equal to the spectrum of Sg, 5 . Since, S’g’lﬁ =
fi (dep), by the Spectral Mapping Theorem, we have that
fl (U(Qv ({7 p)) = U(Q7 CZQa ﬁ?) .
By induction, we have that
fi+1(0(Q,d,p)) = o(Q, dji1,pj41)

for every j > 1. Since, SJJ-+1 Bt is a stochastic operator, its spectrum is a

subset of D(0,1). Therefore

|fj+1 ()‘)‘ <1 )
for every j and A € o(Q,d, p). This implies that o(£,d,p) C E;p O

4. SPECTRA OF TRANSITION OPERATORS OF AMFCj ; CHAINS ON OTHER
BANACH SPACES

By Proposition 3.5, for any Q € {cg, ¢, % 1< a < oo}, 0(Q,d,p) C Egp
We will indeed show that o(£2,d,p) = E;; as in the case {2 = [°°. From this
point we can ask ourselves about the decomposition of (€, d, p) in its point,
residual and continuous parts. We will see that this decomposition depends
on the parameters of the AMFCj ; Markov Chains generating a rich class
of examples.
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Theorem 4.1. For Q € {co, ¢, 1% 1< a < oo}, we have that o(Q, d,p) =

d,p-

The main step to prove Theorem 4.1 is the following result:

Lemma 4.2. For 1 < a < oo, every A € Ez;\ 0p(1%,d,p) belongs to the
approzimate point spectrum of Sg; acting on .

Proof of Theorem 4.1: Assume that 2 € {cp, ¢}. Then, by duality and
Phillips Theorem, we obtain

o(Q,d,p) =o' (I',d,p) = o(1°,d,p) = Eg,,.
Now, assume Q = [% 1 < a < oco. According to Proposition 3.5, it is

enough to prove that E;; C o(1%,d,p). This follows from Lemma 4.2, since
every point in Ej; is in the point or approximate point spectrum of Sz ;. [

From now on we study the decomposition of o(£2,d, p), Q € {co, ¢, 1%, 1 <
a < oo} in its point, residual and continuous parts. We start with the case
Q) # I' and we consider the ! case later due to its particularities.

Proposition 4.3. For Q € {c, ¢, 1%, « > 1}, we have that 0,.(Q,d,p) is
empty.

The proof of Proposition 4.3 relies on duality. In this direction a proper
representation for the left eigenvectors of S:i _ is useful.

Lemma 4.4. A sequence v’ € [*° is an eigenvector of Séﬁ associated to an
eigenvalue A, if and only if, for some v'(0) € C, v/ = v(0) - v} with v, given
by

vh(m) = (H(LA(T))ar(m))il ! , for every m > 1. (4.1)

e va(m)

where 1x(r) is defined as in statement of Lemma 3.6.

Remark 4.1. Since \v)(0) = [S&z_}vg\](O) (see 5.11), we have that

+o00 A
(1=p1 = N30 +> | A =pis) [[ 25 | vilai —1) =0
i—1 j=1

which is equivalent to
+00

_ (1 —pit1) H;:Q Dj
R NET=N (*2)
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Proof of Proposition 4.3: Fix the space Q € {cg,c, 1% a > 1}. From
classical operator theory, we have that the residual spectrum is a subset of
point spectrum of the dual operator Then, we have to prove that does not
exist A € Ej; and w = (wn)n>1 € I such that w # 0 and S% ﬁw = \w.

For A € Ez;, vy is uniformly bounded above by 1, then vy is uniformly
bounded below by 1. By Lemma 4.4, we see that if Séi,p = Aw, with
A € Bz, then [w(m)| > |w(0)] v} (m)| > [w(0)|, for every m. Hence v € I!
only if v=0. O

Proposition 4.5. For §) € {c,1% a > 1}, if p does not converge to 1, then
op(2,d, p) is empty.

Proof: Fix the space 2 € {cp, I%, « > 1}. Since Q C [*°, we have that A is
an eigenvalue of S;; on € only if it is an eigenvector of Sd 5 on {*° having an
eigenvector in 2. By Proposition 3.4, for this to happen is necessary that
lim; o tA(j) = O for some \ € E; ;. Since

w@® 1 — Pl e gt (4.3)
Pj+1 bj+1

w(@+1) =

if p does not converge to 1, then ¢y(j) does not converge to 0. Thus
op(Q,d,p) = 0. O

Let us point out that the condition on p in the statement is necessary.
Recall that for the shift, p; = 1 for all j, we have 0,(Q,d,p) = D(0,1) for
Q € {co,,l% a > 1}. Indeed the condition on the statement is necessary
even when p; # 1 for every j > 1. This is shown in the next result.

From Propositions 4.3 and 4.5, we have:

Theorem 4.6. For Q € {cy,l* a > 1}, if p does not converge to 1, then
o(Q,d, p) = 0c(Q,d, p).

4.1. Case ) =cg or Q) =c.

For all integer n € N, let g, : C — C be the function defined by g,(\) =
ix(n) for all A € C.

Proposition 4.7. If limj_,oop; = 1, then int(o,(co,d,p)) is not empty.
Precisely, there exists a real number r > 0 and an integer jo > 1 such that
for all integer j > jo the open set gj_l(B(O, 7)) C op(co,d, ).

Proof: Put p = 2(v/2 — 1). We are going to show the following assertion:
If lim;_,oo pj = 1 and there exists jo such that inf;>; p; > p and |ex(jo)] <
r = p/2, then lim;_, [¢A(j)| = 0. Since lim;_, |¢tA(j)| = O implies that
X € 0p(co,d,P), we have that 9; (B(O,r)) C op(co,d, p) for j > jo.
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To prove the previous assertion, we construct, for any fixed n € (1,2) a
subsequence (j)k>0 such that

la(g)| <™, for every g < j < jrpr — 1.

Since » < 1 and 7 > 1, the assertion holds.
We construct (j)r>0 by induction. For k = 0, take j > jo and suppose
lea(d)] < 7, then

. dj 1 _ . 2 ]__
G +1)] < aOI%  T=py 7 1
Pj Py P P
Therefore, |tx(j)] < r for every j > jo. Now fix k > 1 and suppose that there

exists jr > jo such that [0)\(7)] < " for every 7 > j.. Since P2t < gt

and lim p; = 1, there exists jy4+1 > ji such that

277k
r 1 k41
Pk+1 < N

Pk+1 Pr+1
where py, = pj, = inf;>;, ., p;. Then, for every j > jii1,

(A% 1= p; < I L e
by Py PEk+1 Pk+1
Therefore lim;_, |tx(7)] = 0 and the proof is complete. [

< Tnk+1

() < (4.4)

Proposition 4.8. Iflimj o pj = 1, then o,(co, d, ) equals to the connected
component of int(Eq ;) that contains 0.

Proof: Let V be the connected component of mt(EJ,ﬁ) that contains 0. Let
O = B(0,r) be a neighborhood of 0 where r is as in Proposition 4.7. Then,
there exists an integer jo > 1 (as in Proposition 4.7) such that g,(O) C O
for all integer n > jg.

It is easy to see that

+oo
{AeC, limg,(A) =0} = (] ¢,7(0).
n=jo
Let zop be a critical points of g, n > jo. By (3.2), gn = hpn o fn_l, then
fk(zg) =0 where 1 <k <n—1. Hence g,(20) = hpo fn—10...0 frer1(0).
Since limj oo pj =land p; > p = 2(v/2—1) for all i > k+1, then we have
by the same argument of proposition 4.7 that lim g, (z9) = 0. Hence zp €
g, 1(0) for all n > jo. Thus we deduce by Riemann-Hurwitz formula (see
[10]), that g;, 1(O) is connected for any integer n > jo. Since g, 1(O), n > jo,
is a sequence of increasing sets, we deduce that U:;’?O g, 1(0) is a connected
set. Hence
{AeC, limg,(\) =0} C V.
On the other hand, since (g, )n>j, is a uniformly bounded sequence (by 1)
of holomorphic functions defined on an open subset V' C int(E; ;). Hence,

eq:iconv
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we deduce by Arzela-Ascoli Theorem (see [3]), that (gn)n>j, is normal in
V. That is, there exists a subsequence (gn, )k>j, Of (9n)n>j, such that g,
converges to a function g on every compact subset of V.

Since g, converges uniformly on O to 0, we deduce that g, converges
uniformly on every compact set in V to g = 0. Hence

V c{XeC, limg,(\) =0}.
This ends the proof of Proposition 4.8. [J

The previous makes the assertion o,(cy, d, p) = int(Eq ;) equivalent
to int(Ey;) is connected. In [9], we prove that if d constant and
p;i >2(v/2—1) for all i > 1 then int(Ez;) is a quasidisk. So, in this
case o;(co,d,p) = int(E;;). We conjecture that this holds for p; >

2(v/2—1) for all i > 1 even if d is non-constant. In this direction, we

are only able to show that Ej;; is connected, which is the content
of our next result:

Proposition 4.9. Assume that limj_,op; = 1. If p; > p = 2(v/2 — 1) for
all t > 1, then Eg 5 is connected.

Proof: By Lemma 4.8, it suffices to prove that under the hypothesis of
Proposition 4.9, int(E; ;) is connected.
By Lemma 3.2, we have

Jﬁ:ﬂg—lpm

where g7 ' D(0,1) C g, *,D(0,1) for all n > 1.
On the other hand if R > 1, it is easy to see that

ﬂg—lDOR ﬂg—lp()R

where g, ' D(0,R) C g ', D(0, R) for all n > 1.

Let zg be a critical points of g;, ¢ > 1, then we have by the same method
of proposition 4.7 that lim g, (z9) = 0. Hence 20 € Egp C g, ID(0, R). Thus
by Riemann-Hurwitz formula (see [10], we deduce that each g,'D(0, R) is
connected. Then ¢, 'D(0, R) is also connected. Thus E; 5 is connected. [

Proposition 4.10. In c, the point spectrum op(c, d,p) equals o,(co, d, p) U
{1}. In particular o,(c,d,p) = {1} if and only if (pn)n>0 does not converge
to 1.
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Proof: Let A € 0,,(€2,d) and v = (v;);>0 € ¢ an eigenvector of S associated
to A. Then limv, =1 € C. Consider N = ¢, + ¢nt+2 where n € N, then,
vn = tx(n)ey(n + 2), Tending n to infinity, we get 12 = I.

Case 1: | = 1. Then vy 44, = ta(1)en(n). Hence ¢x(1) = 1, and thus
A=1

Case 2: [ =0, then limp, = 1.

In both cases, we have o,(c,d,p) = {1} U oy(co, d, p).

U

4.2. Case Q =1

Proposition 4.11. If [[22, p; = 0, then the point spectrum o,(1',d, p) = 0.

Proof: Assume that [[;2; p; = 0 and let A be an eigenvalue of Sgp on I,
then Z;;OS lex(j + 1)| is convergent. Since d; > 1 for all j € N, we deduce
that 2;08 lta(4)|% is convergent.

By (4.3), we deduce that the serie > /% 1 — p; is convergent, and this

contradicts the fact that ]2, p; = 0.
([l

As mentioned before, If p is constant equal to 1, then o,,(I', d, p) = D(0, 1).
Thus the condition on p in the statement of Proposition 4.11 is necessary.
Indeed the condition on the statement is necessary even when p; # 1 for
every j > 1. This is shown in the next result.

Proposition 4.12. If p is monotone increasing and [[2,pi > 0, then
op(It,d, p) = ap(co,d,p). Precisely op(I*,d,p) is equal to the connected com-
ponent of int(Ey ;) that contains 0.

Proof: The proof follows directly from the next two claims:
Claim 1: If p is increasing and []52; p; > 0, then ¢ € {1
Claim 2: ¢y € I', if and only if, vy € ['.
Proof of Claim 1: Consider the proof of Proposition 4.7. Since p is increas-
ing, the choice of j; implies that
r2n* 1—pj

2 P for i <G <k — 1. (4.5)
J J

Thus, for all k sufficiently large,

Je+1—1

Jkt1—=1 gk Je—l opk
1—mp; n . n

E : w > 2 r ‘ (pr(n—2)n" ~1) > E L (4.6)
=i DI =i I =i P

eq:isum
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Observe that [[72;p; > 0 implies that >_j>1(1 = pj) < oo and hence
i N ; _ k
ijl w < 00. Thus by (4.6), we have that ZkZO Z;kﬂ 1,277 .

Py X :jk pj
o
Hence ;50 > 750 Tpn_ < 00. Thus, by (4.5), we have

= . J

Jry1—1

nk
E E r' < oo.
k>0 j=jk

By (4.4), we obtain that ¢y € I*. This finishes the proof of claim 1.

Proof of Claim 2: We prove a general convergence criteria for series: Let
(zj)j>1 be a sequence of positive real numbers bounded above by one and
define

v(n) = H zjaﬂ'(") , n>0
j=1

We have that (z;);>1 € I1, if and only if, (v(n))n>0 € I'. Clearly (z;)j>1 & I*
implies (v(n))n>0 ¢ I'. Conversely, assume that (z;);>1 € I*. We have

di—1 j—1dp—1 d;—1
Sl =1+ 3 A+ > (T #4) (X 4): (4.7)
n>0 i=1 j>2 k=1 i=0 i=1
i—1 —~dp—1 dji—1
Put a; = (Hi:1 i=0 le€> <Z¢J=1 Z;)
We have a ;
n+1 - B, n—i—l’ \V/ c N,
an, Zn
where

(1= =) (1 =2y )

(=2 (1 = 2ap1)
Since lim z, = 0, for n sufficiently large

(1+ |zn) (X + [2n41])

(1= zn) (1 = |2nsal)’

and then, using that (2;);>1 € I!, we have that

o0
H ’B]| < 0.
j=1

Together with the fact that a, = %Bn_l ...B1, ¥n € N, we deduce that
(U(n))nzo cil. O

n =

|Bn| <

Remark 4.2. Using the same proof, we have 1y € %, a > 1, if and only if,
vy € 1°.
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prop:spectrumli-1 ‘ Theorem 4.13. If[[22, pi =0, then o,(I',d, p) contains a countable subset

X of the boundary of Eg;. Precisely
+o0 R +o0 B _
X =Y o ot dop).
n=1 n=1

Moreover, if (d n)n>0 is bounded and limsup p, < 1, then o.(I',d,p) =
+oo {1\ U _n{o}- If Hfil p; > 0, then

or(I',d,p) N Uf1{1} 0.

Remark 4.3. If (dn)n>0 s bounded and lim sup p, < 1, then we can prove
(see Proposition 4. 16') that for a a large class of (d;)i>o0 and (p;)i>0, we have
or(1Y,d,p) = US> £ H{1}. Hence o,(1',d, p) is a countable dense subset of

the boundary of Edyp

Proof of Theorem 4.13: From usual results in operator theory and Propo-
sition 4.11, we know that

op(I',d,p) C o1, d,p) C or(I',d,p) Uop(l', d, p).
Assume that Hl pi = 0, then by Proposition 4.11, o,(I%,d,p) = 0. Thus

or(1t,d,p) = o » (1% d,p). By Lemmas 3.6 and 4.4 and equation (4.2), we
see that

"1, d, p) = - (1/v2(4)))s>1 ise bounded and ¢ = Oo(l_p”l)nj'ﬂpj
Up(l 7d7p)_ {)‘E(C (1/ A(])))]Zl b ded and )‘(1) ; Hi;ll(w\(r))dr—l }7

where (vx(7)));>1 is the sequence defined in Lemma 3.6.
Hence o,(I',d, p) is contained in the set

—+o00 M. i. ;
Eipn {A €C ¢ (1/1a(d))sz1 is bounded and 13(1) =3 (hp: iir)[f; = }( B
i=1 L=t

On the other hand, by (4.3) and since ix(n) = I%nfn,l()\) - % for all
integer n > 1, we deduce that
faci(N) = ix(n —1)%=1 ¥n > 1. (4.9)

Let n € Nand E, = {\ € C, 1x(n) = 1}.
By (4.9), we have

+oo +o0 _
UE.=J /1) (4.10)
n=1 n=1
Now assume that there exists ngp € N and A € E,,. Then
(k) =1, Yk > ng. (4.11)
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Assume that A € ;25 £ {1\ £ 10}, then v (i) # 0 for all i < ny.
From (4.11) and (4.10), we have that (¢x(n))n>0 and (1/cx(n))n>0 are bounded .
Moreover, by (4.3) we have

X (= pis) [Tmaps X (1= piy) [Thesps
(1) = - i (2) = :
o ; [T2 (ea(r)) A2 ; [T 25 (ea(r))dr
X (1= pit1) H;:no+1 Dj

4
— LA(NO)ZZ Hi:l (x(r))dr1

+oo
= 1= (1-pin) H P;.

1=ng ] =no+1
Hence
X (= pie) [Tjopy o
(1) = — - — 0= Di. (4.12)
; Hr:ll(L)\(r))dr_l 1'21;)14.1
From this A € 0,(I!,d,p). Hence 1\ U £ o) © ar( d,p).

By (4.12), we deduce that if [ ;2 1pz > 0, then ar(l1 d,p) U5 I 1{1} =
0.

It remains to prove the following result.

Proposition 4.14. If (dy)n>0 is bounded and lim sup p, < 1, then o, (11, d, p) C

220 P\ UL £ oy

Proof of Proposition 4.14: Let A € Ej; and A ¢ 2, f{1}. Then
lix(n)] <1 and ix(n) # 1 for all integer n > 1.

Case 1: liminf; o [eA(j)| = C < 1.

Let € > 0 such that C' 4+ ¢ < 1. Then there exists an increasing sequence
of positive integers (k;);>1 such that [0y (k;)| < C +¢€ for all j > 1.

Now, consider the sequence (z,,)n>1 defined by z,, = g, +- - - +¢qx, . Hence
lox(zn)] = [Ty [(ea(kr))| < (C + €)™ Thus |vx(zn)| converges to 0 as n
goes to infinity, and m is not bounded. Thus A € o,.(I},d, p).

Case 2: liminf; ,o [¢A(j)| = 1. Then lim,_, |tx(n)]| = 1.

For all integer n > 1, put tx(n) = r,e®" where 0 < r,, < 1 and 6, €
[0, 27).

By (4.3), we get for all integer n > 1,

d dn o

rén cos d,f 1-— rénsind,,0

n O Pl sinfy = 2Ty 13)
Pn+1 Pn+1 Pn+1

Tn+1 COSOpt1 =
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Thus
p721+17'721+1 = Tid” +(1- pn+1)2 -2(1- an)rfL" cos d, b, (4.14)

Let € > 0, then by (4.14) and the fact that limr, = 1 and (d,) bounded,
we deduce that there exists an integer N such that for all integer n > N,
we have 2(1 — p,,)(1 — cosdpb,) < e

Since lim sup p, < 1 for all n, then cosd,0, converges to 1. Hence, by
(4.9), lim f,_1(\) = lim ) (n — 1)%-1 = 1. Thus lim ¢ (n) = 1. Hence, given
0 < € < 1, there exists an integer ng > 1 such that for all integer n > ny,
we have

14+ u(n) + ) >d, — (d, —1)e > 2 —e.

Hence for all integer n > ng, we have [iz(n + 1) — 1] = -~ H\L)\( n)dn —
1| >

_~\n—np+1
p 2= |1\(n) — 1] > %\L,\(no) —1|. Hence )(ng) = 1. Thus
n = 1, which 1s a contradiction. 1s ends the proot of Proposition
o = 1, which i dicti Thi ds th f of P iti
4.14 and Theorem 4.13. [

Conjecture 4.15. In ', o,.(I',d,p) = 0 if 12,9 >0, and o (1L, d, p) =
+3.i I U;:g —110} otherwise.

Proposition 4.16. Assume that (dyp)n>0 is bounded and lim sup p, < 1.
Then the following properties are valid.
(1) If all dy, k >0 are odd, then o, (I, d,p) = U5 f {1}
(2) If all di, k > 0 are even and py > % for all k, then o,.(I*,d,p) =
50
70 n .

(3) If there exists an integer k > 1 such that dy is even, then
(a) If pr = 3, then ox(1',d, p) # U, £ ' {1}

(b) If pr < & and dj_y is even, then there exists a € (0,1) such that
pr—1 = a implies that o.(1*,d, p) # U:{i% Nn_l{l}.

(4) Consider p = (pi)i>o random such that p;’s are iid random vari-
ables with continuous distribution. Then, given any sequence d =
(di)k>1 of integers such that dg = 1 and d, > 2 for all k, we have
or(1Y,d,p) = UL £ H{1} with probability one.

Proof: First note that (2) is a direct consequence of Corollary 3.2 which
implies that o(I',d, p) N J S ~_1{0} 0.
By Theorem 4.13, o (11, d p) > I\ US f7H0}. Let us ana-
lyze when 1{1}QU 1{0} is empty or not. Let A € [J; 20 £ 1{1}N
o 1{0} then there ex1st integers 1 < m < n such that L)\( ) =20
and L)\( ) = 1. Thus there exists an integer k such that iy(k) # 1 and
ix(k+1) = 1. By (4.3), we obtain iy (k)% = 1.
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Assume that dj, is odd, then by (4.3), ix(j) € R for all 0 < j < k, absurd.
Then if all d;, i > 0 are odd, then ;29 £ {1} N U5 £, {0} = 0 and we
obtain (1).

Now, suppose that dj is even. Choose A such that ¢y(k) = —1 which
implies iy (k)% = 1, ie. A € fi "{1}. Thus iy(k — )% = prir(k) — (1 —
pr) =1—2p;. )

If p, = 1/2, then iy(k — 1) = 0. Hence o,(I*,d, p) NU; 5 £ {1} # 0 and
we obtain (3.a).

If pr, < 1/2 and dj_1 is even, then we can restrict the choice of A so that
ix(k—1) = %/1—2p, € (—1,0). Now take py_; such that iy(k — 1) =
— 1221 and we get ix(k —2) = 0. Hence we deduce (3.b).

Pr—1
It remains to prove (4). It is enough to show that

k-1
P(p: fitrn U 70y #0) = o, (4.15)

for every k > 2. This holds because given p; there is only finite possible
choices of p1, ..., pr—1, that implies f,;l{l} N Ufl;ll Nn_l{O} # (). Since the
random vector (pi, ..., px—1) has continuous distribution and is independent
of pg, it will take values in a finite set with probability zero. Therefore we
have 4.15. O

Remark 4.4. Ifd;, = 2 for all k and p, = a, then o.(I',d,p) = :3 ~n_1{1}
if a # % and o,(I*,d,p) = {1} otherwise. This last case corresponds to the
case where the Julia set Eg; ts a dendrite. It will be interesting to char-
acterize in the general case, the relation between the fact that o,.(I',d,p) #

720 F {1} and topological properties of Eg .

4.3. Case 2 = [ « > 1. In this section we consider o > 1 fixed. We

proceed in analogy to the case I', obtaining versions of Propositions 4.11
and 4.12.

Proposition 4.17. If Z]o'il(l —pj)* = o0, then op(1%, d,p) = 0.

Proof: Take A € E;;. We have that A € o,(1%, d,p), if and only if, vy € 1%,
which, by remark 4.2, is equivalent to ¢y € [®. Then, if we suppose that
X € 0,(1%,d, p), we have that (1x(5)%);>1 and (pjun(j + 1));>1 are in 1.
Since (1 — pji1) = ()% — pj+1ea(j + 1), we have that (1 — p;);>1 € 1°
Therefore (1 — pj);j>1 ¢ [ implies that o,(I1%,d,p) = 0. O

Proposition 4.18. If p is monotone increasing and Z;’il(l —p;j)® < 00,
then o,(1%,d, p) equals to the connected component of int(Ey ;) that contains

0.
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Proof: Consider the proof of Proposition 4.7. Since p is increasing, the
choice of j; implies that

r2an® 1—pi\a k+1
27 ( = +( p,]) )= or <G < e -1 (416)
7 J

Thus, for all k sufficiently large,

Je+1—1 1 —piva k11 2am
5 () 2 S e e i
— Dj
J=Jk J=Jk
Jk+1—47r2ank
> 27¢

(6%
i=in i

N\ @
Since > .5q(1 — p;j)* < oo implies > .o, (%) < o0, we have that

2ok>0 Z;k% b 2;” < 0. Hence by (4.16), we have
- J

Jer1—1

Z Z ron* < oo,

k>0 j=jk
By (4.4), we obtain that ¢y € [*. [

5. PROOFS OF THE TECHNICAL LEMMAS

Proof of Lemma 3.1: Take p; € (0,1) and z € C with |z| > 1 then

=) E=0m) B, e
Dj pj Dj
Thus, we obtain, for every z € C with |z| > 1 and j > 1, that
dJ
|£5(2)] > 2" .

Now suppose | f,(z)| > 1 for some r > 1, then by induction one can show
that for j > r

13 (2)] > |fr(2)| e (5.2)
Indeed
3 dj+1 djt1
PRI ORI Ul 251] R [1/(CIT el ST ST AT
Pj+1 Dj+1

From (5.2) we see that lim;_, o |fj(2)| = 400 whenever | f,.(z)| > 1 for some
r > 1. In particular, if |f,(z)| > 1 then z ¢ Egp

Now, suppose |z — (1 — p1)| > p1, this implies that |fi(z)| > 1 and then z ¢
Ej 5. Analogously, if 1£i(2) = (1 = pj1)| > pjt1, we have that |fj1(2)| > 1
and then 2 ¢ E; ;. [

lowerboundl

lowerbound2
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Proof of Lemma 3.6: Let v = (v,,)n>0 be a sequence of complex numbers
and suppose that (Sv), = Av, for every n > 0. We shall prove that v
satisfies (3.1). The proof is based on the following representation

Gn

(Sv)n = Hpj Unt1 + (1 = p1)vn
j=1
Cn—1 r

+ Z Hpj (1 - p?“Jrl)van;:l(djfl)qul ) (53)
=1 \j=1

for ¢, > 2 and (Sv), = p1Vpy1 + (1 — p1)vy, if §, = 1. This representation
follows directly from the definition of the transition probabilities in (2.1).
From (5.3), we show (3.1) by induction.

Indeed, for n = 1 we have that

A—(1-
Avg = (I =pi)vo+pivr = v = ((mm)) vo = ta(1) vo.
Now fix n > 1 and suppose that (3.1) holds for every 1 < j < n. By (5.3),

since (Sv), = Avy, we have that

Un+1
= (5.4)
0 HT=Cn+1 (e (r))ar(n)

is equal to
A= (1= o) TIET () (o)) en
152 p
(1= p2) [ T3 (ar ()~ (e (G260
152, p;
1

=P (10 () ) (5.5)
be,

Since

(1) = A-Uop) (11)1_ 21) ;

the first term in (5.5) is equal to

A [T ()] ()
H] 2Dj '
Summing with the second term we get
CM”W—O—m»[HiﬂuWWAMM@WMM
D2 HJ 317]

9
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which is equal to
(@)% [T ()] (1 (Ga))en
H§’;3 Pj '

By induction we have that the sum of the first ¢, — 1 terms in (5.5) is equal
to

(A (G — 1)) %n=1 (10 (Gn)) %n (™)
D¢y, '

Finally, summing the previous expression with the last term in (5.5) we have
that (5.4) is equal to

(tA(Gn = D)) ent — (1 —pg,)

(A (Gu) "™ = (1a(Ga)) e

¢,
Therefore,
Unt+1 = vo(LA(Cn))%"(n)H H (LA(T))M(H)
r=Cn+1
= [+,
r=1

which, by induction, completes the proof of Claim 2. [J

Proof of Lemma 4.2: Consider A\ € E;;. Assume that A ¢ op(1%,d, p).
We will prove that A belongs to the approximate point spectrum of Sj.
For all integers k > 2, put w®) = (vy(0),vr(1),...,vx(k),0...0,...)t € 1®

where (v (r)))r>1 is the sequence defined in Lemma 3.6. Let u(®) = ﬁ,

then we have the following claim.

Claim: lim, 1o ||(S — )\I)u(qn)Ha = 0 where ¢, = dy . .. d,.

We assume that o > 1 (the case @ = 1 can be done using the same
method).
Indeed, we have

Vie{0,....k— 1}, <(S - )\I)u(k)> = 0.

7

Thus

«

00 k
o T |Tho(s = AD

j
lw® g

+o0
> [s = Anu®),
=0
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Put a;; = |(S—AI); ;| for all 4, j. Let o/ be a conjugate of v, i.e, 24+1 = 1.
Then, by Holder inequality we get

[e3

1 +00 " [+ .
> sl = S o < s || Sl
Jj=0 j=0
Thus

«

k k
> (S - )\I”w <C> IS - M,j||w )|e
j=0 7=0

where C' = sup;ey <Z‘;‘;0 [(S — )\I)MD " and o is the conjugate of a.

Observe that C' is a finite non-negative constant because S is a stochastic
matrix and A\ belongs to E which is a bounded set.

In this way we have

s, —anu®[” < of<Z§=olw§’“)\ar<sp—mm)

a A ||w(k) o

&

+o00
i=k

Now, for k = g,, we will compute the following terms

+oo
A =Y 1Sy = Ay, 0 < j < k.
i=k
Assume that 0 < j <k = gn. Then (S, — M), = (Sp)i; for all i > k.

Case 1: j=r modd1,0<r<d1.Thenb (2.1), (Sp)ij # 0 if and
only i = j — 1 or i = j. Hence (Sp);; =0 for all i« > k. Thus

A = 0. (5.6)
Case 2: j =0. Then by ( 2.1), we have

+o0

Apj = Agao = Z(Sp)io = Z (1= pit1 Hp] (5.7)

i=qn, i=n-+1

Observe that lim Ay, o = 0.

Case 3: j =0 mod dy iseven and j > 0. Then j =a,_1...a50...0 =

S laig with s > 1 and ag > 0. But by (2.1), (Sp)i; # 0 if and only
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ifi=ap-1...0s0...0(d—1)...(d=1) = ¢ — 1+ 7 where 1 < m < s.

s—m+1

m—1
Hence i < ¢, = k.
Therefore, in this case
Ay =0. (5.8)
Now assume j = k = ¢,. In this case, we have Ay; = [1 —p — A\ +

;O;HH(SP)Z-,%. On the other hand, by (2.1), we deduce that (Sp);q, # 0
if and only if i = ¢, + ¢ — 1 where 0 < m < n and (Sp)gntgm—1,gn =
(1 = pm+1) [T7L pj- Therefore

+oo n MK
Ay = 31 = ADig) | = 1= p = A+ 3 (1= puss) [[ -
i=qn m=0 Jj=1
Hence
n
Agpagn =11=p=AN+1-]]ps: (5.9)
j=1

By (5.6),(5.7),(5.8) and (5.9), we have for k = ¢, and 0 < j < k,

Consequently
s = apuen|* < © ™)1 A0 + [0 | Agy,
o " g

We have that ||w(@)||, goes to infinity as n goes to infinity. Indeed, if not
since the sequence ||w(q")||a is a increasing sequence, it must converge. Put
w = (vy(i))i>0 with vA(0) = 1. Tt follows that the sequence (w()),>q
converges to w in /% which means that there exists a non-zero vector w € [¢
such that (S—AI)w = 0. Hence A € 0,,(S), absurd. Now, since lim A, o =0
and A,, ,. is bounded, we deduce that ||((S — A\)ul®))]|, converge to 0, and
the claim is proved. We conclude that A belongs to the approximate point
spectrum of S. [

Proof of Lemma 4.4: We introduce here another useful representation of
the transition probabilities describing them column per column. Denote by

Em =min{j > 1:a;(m) #0}.
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From 2.1 and the fact &,41 = ¢ = min{j > 1 : aj(m) # d; — 1} , we can
represent the transition probabilities in the following way: For every m > 0

H?nlpj yn=m—1,
1—p , m=mn,
s(n,m) = (L—=p1)[[jop; s n=m+ae—1=m+3"_(dj—1)g-1,
1§r§£m_]—; é—m227
0 , otherwise .

Now suppose that v'S = \v. Then, for all m > 1,

A, = (VS = Zvns(n,m)

n=1
Em
= (Hpj) vm—1+(1_p1)vm
j=1

Em—1

+ Z 1—pri1) (Hp]) Um+q,—1 - (5.11)
We will show later that

Um
Umntgr1 = T ()3T 1<r<&m-—-1, &,>2. (5.12)

Using (5.11) and (5.12), we can use induction to prove (4.1). Indeed, for
m=1,

Vo
;(1)
Now suppose that (4.1) holds for m — 1. By (5.11) and (5.12), we have that

AUy = (UtS)l =pivo+ (1 —p)vy = v =

<Hpj) [1Z (ealr 0))“T(m—1) +(1=p1)vm

r=

Em
+ Z 1 — Pr+1 (Hp]> 7” L,\ k))dk—l : (5'13)

Thus vg is equal to v, times

L2y (alrpermD | T b
(H 1p]> A (1 pl) ;(1 pTJrl)j];[lL)\(T)dr—l

Note that

(511

d, —1 A< r <&,
ar(m—1)=<¢ a(m)—1 |, r=%§,,
ar(m) , > Cm -
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Thus for (,, = 1 the expression in (5.14) turns out to be

IIO¢(T»GA"U 1) {A-—(l——pﬁ} ::IIOA(r»aAm)’

r=1 L)‘(l p1 r=1

and (4.1) holds. For ¢, > 2, also use (5.14) and the facts

Em—1

ﬁw wrmy (Hu P71) (&) 7 (T () t)

r=1 7‘>£m

and

(HEE’;;:‘(T);l) [L)\(k — 1)dk—1 —(1- pk) - 252;1 (1= pri1) H;=k LA(T‘I;QT_I}
Pl

T ea(r)ytr =

= (k) = & 25 (U= ) Tl
(Hjmk+1pj)

Hr k+1 L)\( )dr'_l

= . {L/\(k)dk — (1= pry1) — Zfﬁ;il (L =pr+1) [Tjopn Lwﬁﬁ
<H]mk+1 pj)

to verify (4.1) by finite induction.

We finish with the proof of (5.12). We use induction again. We should
keep in mind that (,, > 2. For 1 < k < d; — 1, we have

Um+k—1

Mtk = P10mik—1 + (1 = p1)Vmsk = Umgk =
(1)
Therefore

Um,

Um4-q1—1 = W7

and (5.12) holds for every m with &, > 2 and r = 1. Now fix [ > 1 and
suppose that (5.12) holds for every m with &, > 1+ 2 and 1 <r <. For
1<k<d -1
I+1
AUtk = (Hp]) —1)gj-1+(k—1)a

+(1 - pl)vm+qu
+1

+Z 1= pri1) (H}%) Um+37%_ 1 (dj—1)gj—1+kq >
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which, by the induction hypothesis, is equal to
+1

+(k—1
)\Um+kql = (Hp]) 771(‘])2(1]1_1 + (1 — pl)’L)m+kql

I+1

+rzl( — DPr+1 (HP;)W-

The last expression is similar to (5.13) and wields

NN ! r i
T om-fongic]

which is analogous to (5.14). Thus (5.15) is equal to ¢ (I + 1) and we obtain
that

v _ Um+(k—1)q
mtka T T (U 1)

Therefore v
m
Um+(dip1—1)q — W )

which implies that

v L= . _ Umt(di - Um
m+q1—1 — — - - )
T ke T ) T ()
and (5.12) holds for r =7+ 1. O
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